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Chapter 1 
Introduction 
Interaction processes bc:rween electrical, mech<~nical and thernml systems can be o..lcscrillcd 
CfYStallographically.'l Pie.c:oclectricit)' is a linear intewctiun bcrween electrical and mech;mical 
systems. Stress T applied to a piezoelectric crystal causes not only stmin S but alsu JX>Iarization 
P. The former is based on Hookc"s law, and the Iauer is the direct piezoelectric dfec1. This is a 
transformation of mechanical to electrical energy. Con'"erscly, electric field£ applied tu the 
crystal causes not only polarization P but also strainS. These two transformations between 
different states of energy arc equi'"alcnt in atilcrmodynamic aspect using Gibbs free energy, and 





where Dis electric nux density, t0 is permini1·ity in vacuum, xr is electric susceptibility when T 
= 0, and sf is clastic compliance when E = 0. The variables ofstatc in eqs. (1.1) and (1.2), P, S, 
T and E, are assumed to l1c d.c.; therefore, the material constants d, XT and _,ro arc defined at the 
low frequency limit. If metal electrodes arc deposited on both surfaces where polarized charges 
appear and the circuit is shorted between the electrodes(£= 0), stress Tapplicd to the crystal 
causes electric flux density D which corresponds to true electric charge density. If either the 
electric circuit is opened or metal electrodes arc not deposited (D = 0), stress Tapplicd to the 
CfYstal causes depolarizing field E = -P!t0 in the CfYStal. The difference of the electric condi-
tion when either E = 0 or D = 0 is importanl. If electric field E applied to the crystal is altcrnm-
ing, that is, periodic in time domain, generated strnin Sis also alternating; therefore, piezoelectric 
vibration occurs. The resonance can occur at various frequencies determined by the shape and 
the material constants of the piezoelectric transducer. From a CfYStallogntphic point of view, tile 
piezoelectricity exists in the materials whose crystal structures do not have ccntrosymmctry. 
Representative piezoelectric matcri<~ls arc as follows: quanz (SiOl)' barium titanate (BaTiO~ 
ceramics, PZT (PbZr,Ti1 . .0J) ceramics, lithium niobate (LiNbOJ), lithium tantalate (LiTaOJ), 
e/c. These piezoelectric materials have ~en widely applied to electronics since W.G.Cady suc-
ceeded in steadying oscillation frequency ofelcctroniecircuit using piezoelectric vibration of 
quanz. 
Piezoelectric vibration and material can ~ evaluated using the clectromeclianical mctliodll 
whieli measures the admittance of the piezoelectric transducer ncar its resonance frequencies. 
Usually, after metal dcctrodcs arc deposited on the piezoelectric sample, the relation between 
electric current and voltage is measured. With this methOO, we can e,·aluate, for C){amplc, the 
electromechanical coupling cocrricient and Q-valuc of the sample. However, this method 
provides the data only on the characteristic.~ of the sample as a whole, and no methOO has been 
available, which can measure the piezoelectric proper1ies at some specific points in the sample. 
One purpose of this thesis, therefore, C){ists to develop the new methOO by which local piezoelec-
tric vibrations can be measured, taking advantage of coherence of optical waves. Optical prob-
ing techniques using laser and op1ical fiber arc ctmsen for this purpose. Here acoustic vibration 
can be detected by interference of two coherent optical waves which arc phase-modulated by 
interaction with the acoustic vibration. The physical quantities evaluated directly by these 
optical methods arc the amplitude and the phase of tbe acoustic vibra1ion in the piezoelectric 
transducer. Several types of interferometers have been proposed for optical measurements. 
Here we adopt the fiber optic ring interferometer.)).•) This interferometer has the merit of 
compensating 1emperature variation. But, optical methods can not measure all physical values 
necessary for the evaluation of materials. Previous optical measurement of acoustic vibration 
did not pay attention to the evaluation of materials. For this purpose, we do not deny the vinuc 
of the electromechanical method in this !h.esis. New measurement methods can be created by 
considering the electric condition of the piezoelectric vibration when either E = 0 or D = 0, as 
mentioned above, and the theory of \"ibration, which !he electromechanical method is based on. 
The value corresponding to the piezoelectric constant and Poisson's ratio which arc regarded as 
the malcrial constants can be obtained simply. Concerning the piezoelectric transducer, not only 
the material constants but also the shape of the transducer is an important factor determining the 
characteristics. For example, in the case of the transducers whose fonns are columnar, different 
vibrational characteristics can be obtained for different ratios of the radius to the height of the 
column. The innuencc of the difference of the form on the results of the present measurement is 
also investigated eltperimeniLIIly and theoretically. In this study, PZT piezoelectric ccrnmics are 
used as samples for the measurement, because samples in various shapes can be easily prepared. 
From a crystallographic point of view, the crystal with the piezoelectric cffecl is possible to 
nhibit the Pockcls effect-an clectrooptic effect of the first order, in which the refractive 
indelt of the cry~tal is changed by electric field. Transparent or semitransparent piezoelectric 
crystals in which optical waves can propagate, for cltample, LiNb01, LiTa01, PLZT ceramics, 
potassium dihydrogcnphosphatc (KHlO~), ere., arc used for such. clcctrooptic applications. 
Another objective of this thesis is to discover and examine a new phenomenon induced by coher-
ent optical waves in a semitransparent piezoelectric transducer. We pay attention 10 the photore-
fractivc (PR) effect for this purpose. The PR effect is the phenomenon in which the refractive 
inde){ of an elcctrooptic crystal, that is, a piezoelectric crystal, varies according to lh.e incidence 
of visible rays.~) lruerferencc of two coherent optical waves yici<Js fringes which cause excita-
tion and diffusion of carriers, funning asp~cc-eharge distrihution in the crystni.''J The v~riation 
of the refractive index is caused by the interml electric field from the charge distribuTion Through 
the Pockels effect Rcpr<:senlativc photorefracrh·e maTerials arc LiNhO,, B;oTiOJ single crysral, 
Bi 11Si0lll, ere. Application of this effect ru hologr;1phy and optical processing has been de-
veloped in recent years. 11 Applic;~tion to acousTics has alstl been de\·elopcd; an acoustic wave is 
filtered by the periodic vari~tion of the acoustic •·elocity rhat is ca<.~scd hy the imcmal electric 
field.Bl In this thesis, the inO<.~cncc of the PR effect on piezoelectric vibration is invc~tigatcd 
from a new point of view. We view electromechanical characteristics of fc-doped LiNh01 
(LiNbO,:Fe) piezoelectric tr~nsduccrs with the PR graTing nc;n the rcsnn:mce frc<Juencies uf rhe 
modes of vibraTion. We adopt LiNbOJ:Fe bcc:~use of its excellent piezoelectricity and its 
longevity of srorcd PR grating. Strong nonlinear acoustic •·ihrmion was observed in the piezo-
electric resonaTor with !he PR grating. The reason for rhe generation of the pre..cnt nnnlinc~r 
phenomenon is also considered. 
This study recommends the development of an inTerdisciplinary field among piezucleetric 
material science, aco<.~stics and optics, on the basis of the electromech;mic;ll me:<surement 
method of piezoelectric transducer and rhe nature of inTerference of coherent optical waves. 
The composition of this Thesis is as follows. In Ch:~prer 2, the measurement methods of 
piezoelectric vibration using optical fihol:r are described from an optic«l point of view.9J·JtJ In 
Chapter 3, the evaluation of the piezoelectric vibration and matcri;~l is dcseritx:d. A disk piezo-
electric transd<.~ccr is used as the sample. First, the value corresponding to tile piezoelectric 
constant is mcas<.~red locally lly a new method. 10J-tlJ In this method, the optical measurement of 
the ampUrude of the piezoelectric \"ibration and the clectromcch~nical measurement of the admit-
ranee arc mixed, considering the electric condition of the piezoelectric vibration 3nd the theury uf 
vibration. Second, rhe acoustic velocity of the radial-cxrension~l mode and Pois.~<m's rmio of 
rhe maTerial arc me~sured by a new method. 1lJ With rhis method, the oprical measurement of 
the phase of the piezoelectric vibration is used. In ctt,pter 4, the me;1suremeot meth11ds de-
scribed in Ch~pter 3 arc applied ro circulur piezoelectric transducers whose forms ~re not disk, 
that is, in the case of other rmios of the radius to rhe height. The expcrimcntnl results arc con-
sidered by using the theory of resonance coupling. "~'s1 In Chapter .5, the influence of the PR 
effect on piezoelectric vibration is investigated experimentally. 16~ 11' In addition, the experi-
mental results arc explained hy a new concept, space-periodic modulatilln of the piezoelectric 
polarization due to the PR internal electric ficld. 1 K~ 191 In Ch~ptcr 6, the results oht~incd from 
this study are summarized. 
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Chapter 2 
Measurement of Piezoelectric Vibration Using Optical Fiber 
§:z.t. Introduction 
Optical measurement methods arc useful because of their higher sensitivity and capability of 
measuring physical parameters that cannot he measured by electric methods. In particular, 
methods using optical fiber.; llave tile following advantages: I) optical alignment is not neces-
sary in constructing an interferometer; 2) a very long optical path can be prepared in the labora-
tory easily; and 3) optical fiber.; have not only the function of wave guides, but also sensors, by 
themselves. In this chapter, two new methods for measurement of piezoelectric vibration using 
the interaction between the piezoelectric vibration and light waves traveling in optical fiber.; arc 
described. In one method, the sample is in contact with the fiber, in which the light is pllasc-
modulated by piezoelectric vibration. 1l In this case, tile fiber is wrapped many turns around a 
cylindrical piezoelectric transducer. In the other metllod, the light is incident on the sample 
surface and phase-modulated by rcflcelion when the sample vibratcs.1l·Sl This method enables 
us to evaluate the vibration locally by changing the measurement point where the light is inci-
dent In either method, the modulated optical phase has a relation to the acoustic amplitude and 
phase of the transducer; therefore, by detecting tile phase-modulated signal, we can mea.~urc 
the acoustic vibration and evaluate the vibration and material of the transducer. The ring inter-
ferometer was developed for this experiment. Here the measurement of piezoelectric vibration 
using the ring interferometer is discussed from an optical point of view. 
§l.l.Ringlnterferomeler 
Electric field vector E [V/m] of an optical wave can be expressed as 
E=.Acos(wc~+~c), (2.2.1) 
where A is the amplitude and involve.~ the direction of polarized light, we [radls] is the angular 
frequency, and 4>c [rad] is the pllasc. Optical measurement is usually performed by observing 
the modification of some of the factors, A, We and 4>c• caused by the obj«:t of measurement We 
take the measurement of acoustic vibration which causes pllasc modulation of coherent optical 
waves. The phase-modulated signal of light cannot be observed directly by phmo-dctector; 









F.g. 2.1. Four kil\ds ol interlerometa~s U$ing oplieal fibers: (a) Ril'lg, {tl) 
Maeh-Zender. (c) Michelson and (d) Fabry-Perol interferometers. The 
"S" repteSenlslhe sample lor measurement. 
an interferometer in wtliclltlle signal wave and tile reference wave interfere witll cacti otller is 
constructed. 
The electric fields of tile signal wave and the reference one, £ 5 and£~, can be represented as 
£5 =A'5 cos(ooct+<llcsl• 
£~ =A'~ cos(Wtf + 4'cJ. 
(2.2.2) 
(2.2.3) 
where: the states of the polarization an: assumed to be the same in the two waves. The output of 
the interferometer, V ro [V], is in proportion to the time averngc of the square of the sum of the 
two electric fields; therefore, 
(2.2.4) 
where y (0 s y s 1) is the visibility. When the two waves arc incoherent; that is, y = 0, the two 
waves do not interfere, and V ro is in proportion only to the sum of the square of the respective 
amplitudes. When the two waves arc completely coherent; that is, when tile difference of the 
optical paths of the two coherent waves is almost zero, the value ofy llecomcs unity, and the 
maximum output on the phase difference <lies - '*'o can be dctecled. When the difference of the 
optical paths becomes long, the value of y decreases, and the output due to the interference de-
creases. The coherence of the light source has relation to its spectrum width Av [Hz]. The 
coherence time and length, "tc fsJ and lc fm], an: defined expediently by 






where the two lights emined simultaneously from the light source interfere with time difference 
-.:,and c is the velocity of light. The two lights with a smaller difference of the optical path than 
lc can be considered to interfere with each other. The light source with narrow spectrum width 
has high coherence time and length. 
Four kinds of interferometers using optical fibcJS, (a) ring, (b) Mach-Zcntler, (c) Michelson 
and (d) Fabry-Perot interferometers arc illustrated in Figs. 2.1 (a), 2.l(b), 2.l(c) and 2.l(d), 
respectively. Single-mode fibers relative to the transveJSc mode arc used for this purpose. 
Multi-mode fibers cannot be used, because they cannot transfer the information about the optical 
phase. In this study, the ring interferometer illustrated in Fig. 2.1(a) is selected for the present 
experiment from among these interferometers. Two waves that travel around the loop clockwise 
and counterclockwise interfere with each other. Both of tile waves can be modified by the object 
of measurement. This configuration itself is widely used for optical rotation gyro-sensing, 6l 
measurement of acoustic vibration, 1l and so forth. Since the length of the optical fibers can be 
~X(l) Lzm Y(2) 
FIQ. 2.2. Fibef-optic wrap-3rOIJ'Id cylindric:al phase modulator. 
Table 2.1. Main material eonsl.aflts of "P-50." 
Piezoelectric d31 (10"' 2rnN) -103 
Permittivity eT:d•o 1371) 
COmpliance .sE,(10"'2m2/N) 13.2 
Table 2.11. Form or lhe piezoelectric lflnsor in the crystallographic point 
group ol 6mm. The ••• and •.• mean non zero and nuU components. 
respeclively. The lone connecting the non zerocompo11enls me8flll tnat 
lheya.reequal. 
1 2 
! [ : : 
3 -
affected easily by the variation of temperature, the output of the interferometers other than the 
ring interferometer changes severely in a short time by the interference of the coherent optical 
waves. On the other hand, in the ring interferometer, the variation of the length of the fiber due 
to the variation of temperature can be compensated for, hecause the !Wo waves travel in the same 
fiber; therefore, severe variation of the output docs not occur in a short time. 
§.Z.J. Measurement Using Wnp-Around Cylindrical Phase ModulatorU 
2.3.1 Method of Measurement 
For the purpose of modulating the phase of optical waves, we usc a cylindrical piezoelectric 
transducer around which a fiber is wrapped many times in the form illustrated in Fig. 2.2. 
Though this type of device is often applied to a phase modulator, 81 we arc concerned with this 
method rather as one of the ways of measuring cylindrical piezoelectric vibration optically. 
The sample shown in Fig. 2.2 is made of PZT material "P-50," and is polari.ted in the direc-
tion of the radius, that is, the z-dircction in Fig. 2.2. The material constants of P-50 arc shown 
in Table 2.1. We connect the phase modulator in Fig. 2.2 with the ring interferometer in Fig. 
2.l(a). The coverture around the fiber is taken off for closer fixing with the transducer, and 
epoxy resin is used for the fixing. In the case of the transducer illustrated in Fig. 2.2, the crystal-
lographic point group of the material is considered to be 6mm whose form of the piezoelectric 
tensor is shown in Table 2.11; therefore, when electric field E is applied be!Ween the electrodes in 
thez-direction, strain Sean be caused in thex,y andzdircctions as follows, 
(2.3.1) 
where the subscripts I, 2, and 3 mean the x- , they- and the z-directions, respectively, and 
eq.(2.3.1) is defined exactly at the low frequency limit of Sand E. Mechanical resonances can 
occur at the frequencies determined by the size of the transducer. Thcji-modc means the vibra-
tional mode which is deri,·ed by the piezoelectric constant d,,. The resonance of 31-modc is 
observed at about 19 kHz in the .r-dircction, that is, the circumferential direction, and the reso-
nance of 32-modc at about 58 kHz in the y-dircction. The resonance of 33-mode in the z-
direction can occur at higher frequencies. The piezoelectric vibration in the .r-direction causes 
elongational vibration of the fiber. 
A laser diode whose wave length k is 1.30 Jim is used as a light source for the measurement. 
In order to avoid unnecessary interference, a laser with low coherence, that is, with multi-mode 
with regard to the longitudinal mode, is selected. An avalanche photodiode is used as a photo-
detector. The chafliC!eristics of the single-mode glass fiber used in the experiment arc shown in 
Table 2.111. 











Fig. 2.3. Dependence or lhe Bessellunctions J0(l<), J1(l<) and~(-") on 
lheindependentvariablex. 
In lhe presence of piezoelectric vibration, the total elongational amplitude of the fib<:r, u(t) 
[mJ,iseKpresscdas 
(2.3.2) 
where m is the numb<:t of turns (30); u,.,, w,., and 41,., are the one-tum elongational amplitude, a 
driving angular frequency, and the vibrational phase of the transducer, respectively. 
If two waves counterpropagating in the ring interferometer start from the light source simul-
taneously, !hey reach the detector almost at the same time. But, assume that the dockwise wave 
(CW) reaches the phase modulator later than the counterclockwise one (CCW) by time T that is 
determir.cd by the length of the loop and the light velocity in the fib<:r. Then, the two waves arc 
modulated respectively, 
(CW) = B'cos {Wcf +knC~(t+1) t l!.4l), 
(CCW) = B'cos {we! tknC~(tH, 
(2.3.3) 
(2.3.4) 
whereB' is the amplitude of electric field, II. [radlmJ is the wave number of light in a vacuum 
(2Jtlli. = 1.3>< 10"6 m), "cis the refractive indeK of the fib<:r (nc = 1.47), and l!.41 [radJ is the phase 
difference between the two waves in the Dbsence of the acoustic wave at the phase modulator. n. 
9J The value ofT is selected to be 1.0><10-li s or0.725><10"6 s. 
The two waves interfere and yield voltage proportional to the intensity, that is, the time aver-
age of the square of the sum of the two electric fields expressed in eqs. (2.3.3) and (2.3.4). The 
detected voltage V I'll at the photodiode can b<: expressed as 
VI'D =~ VPD(nwJcos {nw,.,rtPPD(nw,.,)}, (2.3.5) 
where 
Vro(O)=C'{lty~Jo(l!.6,.,)}, (2.3.6) 
VPD(wJ= [ C'y2sinl!.41J1(l!.8,.,) [, (2.3.7) 
PPD(w,.,) = '" + (w,.,Tf2)- (lt/2) t P1, (2.3.8) 
Vro(2w,.,) = [ C'y2cosl!.4~J2(l!.6,.,) I, (2.3.9) 
Pro(2wJ = :!ojl,., t w,.,T+P2, (2.3.10) 
where C' is the modulus proportional to the light intensity, y "" I, J, is the Bessel function of the 
first kind of order i, which is illustrated in Fig. 2.3, and &e,., corresponds to the phase modula-
tion index expressed as 
l!.6,., = "lblr!IIU,., sin(w,.,T/2) · K, (2.3.11) 
where K( = 0.778) is the correction coefficient taking the variation of the refractive index by 
Table 2.1V. Form of the photoelaslic tensor in tile isotropic material 
The notation·~· means! P, - P,2 ) /2 
I [ c::: 
6 . . 




photoela~ticityWl.lll into consideration, and P 1 and P2 arc defined as 
P1 =0 when sin44~J1 (M,.)>O, 
P 1 =x when sini!.¢>J1(A9,.)<0, 
P2=0 when cosAof!JiM,.)>O, 
P2 = 1t when cos 44~JiAII,.) < 0, 
(2.3.12) 
The value of K is calculated as follows. The same eoordinau:s are chosen for the fiber a~ fur 
the cylindrical transduecr illustrated in Fig. 2.2; therefore, the light propagate..~ in the x-dircction 
in the fiber. The relative variation of the optical phase, Afl!fl, can be expressed as 
(2.3.13) 
where 5 1 is the strain of the fiber in !hex-direction, and Anc is the variation of the refractive 
indu of the fiber. The 51 is now calculated by 
(2.3.14) 
where 2Jv is the outer circumferenec of the cylindrical transduecr. The exact definition of strain 
will be described in §3.3. The variation ofnccan be caused mainly by photoclasticity. Photoc-
lasticity is the phenomenon in which the refractive inde)l nc of material varies according to 
applying strainS on the material, and expressed as 
(2.3.15) 
where p is the photoclastic constant, and the Einstein's summation convention is used; therefore, 
a summation from 1 to 3 is taken for the repeated indices in the same tenn. The form of the 
photoclastie tensor is shown in Table 2.1V, where the glass is assumed to be isotropic. From 
eq.(2.3.15) and Table 2.1V, the variation of the refractive iOOex of the propagating light, whose 
polarization is in they- or z-dircction, is expressed as 
Therefore, !Jndncz is e;~tpresscd as 
Andncz =- (ncz2!2) {p21(1-o)- opt:!} 5 1, (2.3.17) 
where Poisson's ratio o of the fiber is defined as 51 = s, = -o 5 1• From eqs. (2.3.13) and 
(2.3.17), 
(2.3.18) 
The material constaniS of tile fiber ncecssary for the caleulation arc shown in Table 2.V. Substi-
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strain contributes to the relative variation of the optical phase. 
The output voltage at the photodiode, V rn• is detected in a narrow band of the frequency by 
using a lock-in amplifier. 
2.3.2 MetUUrement of 46,_, and Strain of Sample 
Figure 2.4 shows the relation between the driving voltage of the uansducer and the output 
voltage ofw,., and 2w,_, component~ at the lock-in amplifier. With regard to the abscissa, eKper-
imental curves eonfonn toJt(t.B,.,) and Jit.B,_,), respectively, as is expected from cqs. (2.3.7) and 
(2.3.9). Since the abscissa of Fig. 2.4 is the driving voltage V PI!' we find that t.e,., is in propor-
tion to V w· And then, from eq.(2.3.\\), we can conclude logically that U,., is in proportion to 
V 011 . This is an experimental confinnation of the piezoelectric effect using the optical method. 
With regard to the ordinate of fig. 2.4, the experimental curves do not coincide with J 1(48,.,) and 
J/1'.6,.,), because of the variation of light intensity or the value of 1'.4> during the experiment. 
Figure 2.5 shows the experimental results (w,., components) after changing the driving fre-
quency. The curves A and 8 have their maxima. In such a case, we can determine the relation 
between 46,., and V0~, or the ratio of U" to V0R, utilizing the feature that J 1(x) has the first 
maximum at x = 1.84. When there is no maximum as in curve C in Fig. 2.5, we can utilize the 
feature thatJ1(x) is almost linear in x<0.4. By scuing the driving voltage in this range, and 
comparing these results with those for curves A and 8, the mtio of U" to V 011 for the curve C can 
be obtained. This method is explained g.mphically in Fig. 2.6. 
The frequency chamcteristic of the amplitude in the mnge lower than the resonance frequency 
is shown in Fig. 2.7 whose ordinate is now translated into the mtio of S 1 to £ 3, the strain in the 
direction of circumference to the electric field in the direction of the radius. Examining the 
results of Fig. 2.7, we can extrapolate the value of S.tE, to the zero frequency and obtain S1t£3 at 
the low frequency limit as 1.1><10" 10 mN, which should correspond ro the piezoelectric constant 
d 31 by definition. To avoid confusion with the material constant dJI' we name the value ob-
tained by our measurement "d'J1." The value of d'31 is nearly in agreement with that of dJ1(-
1.03><10'10 m/V) shown in Table 2.1. 
Near the resonance, the driving voltage V 011 between the electrodes decreases, as in Fig.2.R. 
The frequency characteristic of S,f£1, obtained by the method mentioned above near the reso-
nance frequency, is shown in Fig. 2.9, from which we can read the maximum of S,f£1 as 
1.70><10'8 mN and the Q-value as 161. The value of d'11 can also be obtained by the following 
equation: 
S,f£1 (maximum) 
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where we must usc the value at the first resonance. Using eq.(2.3.19), we can obtain the value 
ofd'11 as 1.06xt0-10m/V, which is nearly in ag.rccmcnt with that of d11 shown in Table 2.1. The 
grounds for cq.(2.3.19) will be described in §3.7. 
2 . .3.3 Calc~UJ/ion of Aojl 
The value of At can be calculated by the analysis of the interferometer output expressed in 
eqs. (2.3.6), (2.3.7) and (2.3.9). The ratio of V m<w .• ) to V P0(2ID") gives 
Jp~o6A)VPO(W.._) I tan A~ I = ----. (2.3.20) 
J 1(A6.._) VP0(2ID,,) 
The Bessel function J 1{;f) has the first maximum value as 0.582 at x = 1.114, then, Jix) does not 
become the maximum, and has the value as 0.316. Therefore, we set such value of the driving 
voltage of the phase modulator as the: output voltage: at the: angular frequency w.._ becomes the 






In the measurement of VPO(w,.) and VP0(2ot,.), we must pay attention to the different frequency 
eharacterislics of the photodiodc at the rwo frequencies, and correct the value before substituting 
cq.(2.3.2I).>ll 
At this stage, Aojl may have four values in the: respective quadrants, as illustrated in Fig. 2.10. 
From cq.(2.3.6) we can determine the algebraic sign of cosAt. The Bessel function J0{;f) has the 
maximum value at x = 0, and the value of J0(x) decreases at x > 0 in an appropriate range, 
compared with the value atx = 0. If the value of VPO, when the phase: modulator is at the state of 
6.6,. > 0 in an appropriate range, decreases compared with the value when the phase modulator is 
not driven; that is, AEI,. = 0, we can dctcnnine that~> 0. If the contrary result is obtained, 
cos;\~ < 0 is found. Accordingly, we can obtain the value of cosAojl and I sinA~ I by this 
method. In the actual measurement to detennine the algebraic sign of cosll¢1, the light source is 
intensity-modulated at an angular frequency ooL, and the output of V PO(o>J is detected, instead of 
that of V PO(O), in order to usc the lock-in amplifier which can detect ac signal, but cannot detect 
the de signal. Figure 2.11(a) shows time variation of the value of VPD(w") and VP0(2ID,.), and 
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§%.4. Measurement by Rene<:tlng Ught on Sample Surfacell 
2.4.1 Ol.ltlineofMeasuremenl Method 
Another measurement of piezoelectric vibration can be performed by reflecting light on a 
sample surface. The light is phase-modulated by reflection when the sample vibrates. The ring 
interferometer is used for transfonnation of the phase-modulated signal to the intensity-modu-
lated one. The lock-in amplifier is used for detection of the output voltage VPil at the photodi-
ode. However, the lock-in amplifier can only measure high frequency up to approximately 100 
kHz. In order to measure the acoustic vibration whose angular frequency 0111 is higher than the 
limit of the lock-in amplifier, the light source, a laser diode, is intensity-modulated at the angu-
lar frequency mL. Interference of the two optical waves phase-modulated by acoustic vibration 
causes an intensity-modulated optical wave, the components of which have an angular frequency 
nw11 (n:O,l,2;·"). The light itself is now intensity-modulated at the angular frequency ml. 
Therefore, signals whose frequencies arc the sum and the difference between the two frequencies 
wL' I m11 ~ ooL I , I 2m11 :!: w1. I , etc. can occur. The signals whose angular frequencies arc 
lower than the limit frequency of the lock-in amplifier can be detected and used for the meas-
urement of the acoustic vibration. Figures 2.12(a) and 2.12(b) illustrate the generation of I UJA 
- w1. I component due to the intensity modulation of the light source a/ the angular frequency 
m,. 
24.2 Experimentlll system 
The experimental configuration is shown in Fig. 2.13. The wrap-around phase modula!or 
described in §2.3 is still connected to the ring interferometer. In order 10 supply !he clec1ric 
reference signal whose angular frequencies arc wL, I m..,- wL I and I 2m"- w1. I for the 
lock-in amplifier, a double-balanced mixer is used for the frequency mixing. The light emit-
ted from !lie fiber is focused on the sample surface by objee!ivc lens, reflected, and returned to 
tile fiber, as illustrated in Fig. 2.14. The sample is fixed lightly on the sample holder by means 
of two-sided adhesive tape. The shutter is used for distinguishing between the light reflected by 
the sample and other light. 
In the experimental configurntion shown in Fig. 2.13, optical paths other than the clockwise 
and counterclockwise paths exist. Figures 2.15 (a), (b), (c) and (d) sllow tile four possible paths 
of the light in the fiber: clockwise, counterclockwise, and two other paths, respectively. The 
lights in the clockwise and tho: counterclockwise paths can interfere with each other, while the 
Other two lights cannot interfere with tbe lights in tho: clockwise and the counterclockwise paths, 
because the other two lights reach the photodiodc at a different time which is now detcnnined to 
be longer than the coherent time of the light. 
2.4.3 Formulation of MeDSUrement Method 
The intensity of the lights at the photodiodc whose paths are shown in Figs. 2.15 (a), (b), (c) 
and(d)canbcexpressed as 
l~=A'.~ I +D'cos(w1_t+(l)1_n), 
lb=A'h{ I +D'cos(w~_t+w1_D}. 
I< ::A'< {I +D'cos(wLI + 2wLD), 





respectively, where the lights arc intensity-modulated with the modulalion index D' (0 s D's I) 
atthcangularfrcqucncym1• 
The rwo coherent lights whose paths arc shown in Figs. 2.15(a) and 2.15(b) arc phase-modu-
lated by the acoustic vibration to be measured at the angular frequency m,.. as 
£~ = B'. cos {me+ 'lJ.U,.. cos(m,..t + m,..T + 41,..) + t!.41L 
Eb=B'bcos {met 2JcU,.. cos(m ... t+41,..) ), 
(2.4.5) 
(2.4.6) 
respectively, where £ 0 and Eb are the clcctric fields of the lights, 8'~ and B'b arc thcirDmplitudes. 
Though cqs. (2.4.5) and (2.4.6) arc similar to cqs. (2.3.3) and (2.3.4) in the case of the wrap-
around phase modulator, the optical paths in cqs. (2.4.5) and (2.4.6) arc 2fnc times as long as 
those in cqs. (2.3.3) and (2.3.4), because the reflection makes the optical path twice, and the 
present phase-modulation is performed in air. 
Since the rwo coherent lights whose paths arc sllown in Figs. 2.15(a) and 2.15(b) can interfere 
with each other, the square of the sum of the clcctric fields is detected at the photodiodc. Since 
the other rwo incoherent lights whose paths are shown in Figs. 2.15 (c) and 2.I5(d) cannot inter-
fere with each other and with the lights whose paths arc shown in Figs. 2.15 (a) and 2.15(b), each 
of the intensities is detected at the photodiode. Therefore, the output voltage V PO at the photodi-
odecanbccxprcsscdas 
(2.4.7) 
where y ..-I, and t!.8 is the phase difference between the two coherent lights and is expressed as 
t!.8:: t1.41 + t!.e,., cos {w,.,r +(terms on phase)), 
wheret!.8,..isexprcsscdas 
t!.8,., = 4kU,.. sin (w,.,T/2), 
(2.4.8) 
(2.4.9) 
similar to eq.(2.3.11). The output voltage VI'P in eq.(2.4.7) can be expressed as 
Vro=~ V11,( lnw,.:!:w1.1 )cos {(nw,.:!:wJrtP11,(nw,.:!:w1H. (2.4.10) 
In eqs. (2.4.1) to (2.4.4), if the intensity of the four lights are the same; that is, A'.: A'b: A'r: 
A'd = 1 : 1 : 1 : 1, and if the phase difference of the inteiiSity-modu/arion does not exist among 
the four lights; that is, wtT"' 0, the amplitude of Vro in eq.(2.4.10) can be expre."Sed as 
Vpp(wJ c Jo; = C'D' {2+ ycosl141J0(116,.)}, 
Vl'l,( I w,.-wt I ) "'K1 = I C'D'y sindofll1(AB,.) I , 




where C' is in proponion to the intensity of the light, 0' is the intensity-modulation index of the 
light source, as expressed in eqs. (2.4.1) to(2.4.4), andy- 1. 
The angular frequencies mt' I w,.- m1 I and I 2m,.- m1_1 arc selected in the range of the 
limit frequency of the lock-in amplifier, for example, below 100kHz, and selected to be the 
same value in order to cancel out the different frequency characteristics of the photodiode at 
lower frequency than 100kHz. For this reason, the angular frequencies mt in eqs. (2.4.11), 
(2.4.12) and (2.4.13) arc: different from one another, and the intensity-modulation index D'ofthe 
light source must be the same in the selected frequency range ofw1• Figures 2.16(a) and 2.16(b) 
show the frequency characteristics of the intensity-modulation in the experiment. This meas-
urement was performed using a tracking generator, which is constructed using the generator and 
detector of the electrical signal whose frequency can be swept, as illustrated in Fig. 2.16(c). 
Equation (2.4.11) is similar to eq.(2.3.6); however, in the term "2," the incoherent lights con-
tribute to the factor "I," while the coherent lights contribute to the remaining factor "1." In the 
actual experiment, the phase difference of the intensity-modulation in eqs. (2.4.1) to (2.4.4), 
wL T, is not zero, as is illustmted in Fig. 2.17. The sum of the intensity-modulated signals with 
the phase difference decreases the w1 component. The mL component reaches its maximum 
whenw1_T= 2nx, and its minimum when wJ= (2nt1)x (11 = 0, I, 2,-··). Figure 2.1H(a) shows 
the experimental result of the value of Vp0 (wt) after changing the value of w1_. This measure-
ment was performed using a tracking generator, as illustrated in Fig. 2.18(b). This effect 
changes the tenn "2" ineq.(2.4.11). 
The difference of the intensity of the four lights also changes the tenn '2" in eq.(2.4.11). The 
wt component involved in eq.(2.4.7) can be expressed. as 
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VPD(wJ = 2(A';4'J112{~'_,coswLT +A'<eos2wLT+A'df 
+ ~·_,siOOJt.T +A'<si~ 1)1•112, (2.4.14) 
(2.4.15) 
In our experiment, 
A'• ;A'b ;A'< ;A~"' 19.3; 88.0; 82.6; 20.6, (2.4.16) 
and when Vro(wt) is measured, wt. is selected to be wLT« I. Then, eq.(2.4.14) approximates 
VPD(IIIJ E -"o = C'D'{£' + y cosl!.ljiJ0(l!.9,.)), 
whcn:y-l,and 
(2.4.17) 
£'= 1.46 t l.IOcoswLT. (2.4.18) 
For example,£'= 2.53 in out e:tpcriment when cosooLT = 0.975. Therefore, the value of£' is 
larger than 2 in the ideal case expressed in eq.(2.4.11). 
In the measurement of the pic:wclectric vibration by the reflection of the light, the value of 
!!.8,. in cq.(2.4.9) is considered to be !!..8,. <<I; therefore, the approximation that 
10(!!..8,) .. 1, 





can be used. In ttlis case, from cqs. (2.4.12), (2.4.13) and (2.4.17), two unknown quantities C' 
and D' can be eliminated, and two unknown quantities cosl!..ljl and !!..8,. can be calculated by 
whore 
when cos4ljl > 0, cos4ljl = { -£'K12 + (£' 2K,• + F') 112 VG', (2.4.22) 
whencos41j1<0, cosl!.t= { -£'K11t(£' 2K1• tH')112 VI', (2.4.23) 








P" ~ 1 when sin(o1"TI2) > 0, 
P" = -1 when sin(o1"TI2) < 0. 
(2.4.211) 
(2.4.29) 
The different formulae (2.4.22) and (2.4.23) are used for the different algebraic sign of cos 1'1.¢>. 
In fact, the algebraic sign of cost!.¢> cannot be measured by the methods mentioned abtwc in 
this section, and when 1'1.6" is too small, the value of K2 in eq.(2.4.13) cannot be measured, 
because K2 includes the factor of (1'1.0")2. Therefore, the wrap-around pha.<;e modulator connect-
ed to the present ring interferometer is used for the calculation of cost!.¢> and I sint!.¢> I , a.~ de-
scribed in §2.3.3. Then, we can calculate the value of 1'1.9" by using eq.(2.4.211), which does not 
include K1, and the value of U A' which we hope to arrive at by oper.ttion of eq.(2.4.1J). 
In our measurement, the sensitivity of the amplitude measurement is ahou! 0.1 nm so long as 
the power of the light source is ahou! I mW and ahoul 5% of the light relums to !be rihcr. 
With regard to !he phase of V l'l> in eq.(2.4.10), we can obtain experimentally that 
whenw">w~.. PPr}lw .. -w1.J)=¢' .. +w"T!2-Jf/2+P1+¢>'+¢>", (2.4.30a) 
whenro"<WL' Pro(lwA-ml.J)=-¢'"-w"T!2+Jf/2+P1 +¢''-¢>", (2.4.30h) 
when2w">w1, Pm(12w .. -w~.l)=2¢'"+w"T+P1 +¢'~+¢''", (2.4.3la) 
when2w"<w1, Pm(l2m .. -w~.l)=-2¢>"-m"T+P2 +ofl•-¢>"", (2.4.3lh) 
where ¢>' and ofl" arc additional!erms dependent on !he experimental system, and symmetric and 
asymmetric terms on the algebraic sign of w"- w1_, respectively. The terms ofJ"' and ofl- are 
similar and correspond to ofl' and ¢>", rcspeeli•·cly. 
The application of this mcasurcmenl to the evaluation of piezoelectric transducers will he de-
scribed in the next chapter. Main e)(perimcntal conditions arc summarized in Table 2.VI. 
§:Z.S. Summar, 
In this chapter, two new methods for measurement of piezoelectric vibration using the fiber-
optic ring interferometer were described. In one method, the sample is in contact with a fiber, 
on which the light is phase-modulated by piezoelectric vibT3tion. In !his case, the fiber is 
wrapped many turns around a cylindrical piezoelectric transducer. The low frequency limit of 
S1 f £1 measured by this method was nearly in agreement with the material constant dw In !he 
other method, the light is incident on the sample surface and phase-modulated by reflection 
when the sample vibrates. The formulation of this method was described herein. 
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Table 2.Vl. Main experimental conditions ol lhe measurement. 
NEC 00-8326 or Fujitsu FLD130D413J: 
).:1.3011ffi,lmW.Iowcoherence 
Avalanehe photodiode Mri1su MZ118A+MH923A 
Optical Fll:ler FUI'ukawa Electric CO.,ltd. Single mode (SiO~) 
loss=0.36dBikm,delayloop=200orH5m 
00\lble balant4d m~er R&KCO.,Ud. M5: isolation> 35dB 
L.oek-inAtnj)liliel NF 56106: measurod at tOOlcHz. 
XYZpulsestage 
5ampleholder 
Chuo-~ki CO.,Ud. PS-10Z20XY. CPC-JC 
Gentlal 5eannJng CO.,ltd. M6300PD 
Chapter 3 
Optical and Electromechanical Evaluation 
of Piezoelectric Vibration 
§3.1. Introductloa 
The optical measurement methods using the ring interferometer described in Chapter 2 enable 
us to evaluate the acoustic amplitude and phase of the piezoelectric transducer. In particular, the 
method in which light is reflected on the sample surfac.c described in §2.4 enable.~ us to evaluate 
the acoustic vibration locally by adjusting the measurement point where the light is incident. In 
this chapter, measurement of the amplitude and phase of piezoelectric vibration is pcrfonncd by 
this method. 
An electromechanical method is usually used for the evaluation of piezoelectric vibration. 
The relationship between voltage and current in the piezoelectric transducer can be mca.~urc:d: 
that is, admittance is measured when voltage is constant with this method. The electromechani-
cal coupling coefficient can be calculated by means of this method: however, this measurement 
is not local. The characteristics of the sample arc measured as a whole. Acoustic amplitude 
and phase cannot be measured directly by this method. 
By exploiting the advantages of both optical and electromechanical methods, we can work out 
new methods for the evaluation of the piezoelectric transducer. Vibration theory is al~o consid-
ered in this evaluation. A disk piezoelectric transducer is used as a sample. The physical quan-
tities, for example, values corresponding to the piezoelectric constant, L)-J) the acoustic velocity 
of the radial-extensional mode,•> and Poisson's ratio of the material •> can bc evaluated using the 
new methods. 
§3.2. Theory of Simple Hannonlc Oscillation 
3.2.1 Eqll.(Jtion of Mechonical Vibration 
In this section, the theory of simple harmonic oscillation of one dimension is described for our 
later usc. We assume that the oscillator is composed of a material particle and a spring connect-
ing the material particle. Infinitesimal vibration of the material particle ncar the stable equilibri-
um is rreatcd as simple harmonic oscillation. The periodic external force whose angular fre-
quency is w,.. [rad/s) acts on the material particle. The vibrational equation can be expressed as 
(3.2.1) 
where u [m), m (kg), -l]'du/dl [N), -ku [N), and F [NJ arc the displacement of the vibration, the 
mass of the material particle, the friction, the clastic force, and the amplitude of the external 
force, respectively. Equation(3.2.I)can be expressed as 
(3.2.2) 
where f\' = 1]'/(2m), m01 =kim, and p' = F/m, where w0 is the proper angular frequency of the 
vibrational system. The displ~cemem u is calculated from eq.(3.2.2) as 
where 
u =A sin(m..,r t b) t a'e"' t u"e11 , 
A= p' l (w0z -w..,2)1 t 4Bzw,z )-In, 
b =- tan- 1{ 2Ww, /(1J101 - 01,2)), 
K=-W-(1\r.!-0)"2)11!, 







The object of the measurement is the first term on the right hand in eq.(3.2.3); stationary state 
term. The Q-v~lue is defined as 
Q=ol0 /(21\' [dimensionless], (3.2.8) 
If Q > 2""1, the amplitude of the displ~cement.4 h~s the maximum as 
(3.2.9) 
The ~pproxinmtc relationship between the angular frequency of the external force w, and the 
vibrational response A and b in cq.(3.2.3) is as follows: 
a)Whcno1, ... U, 
A cA0 -p'/m01 =F/k, and b-0, (3.2.10) 
where !he stiffness comrols the vihr~lion. The displacement c;m follow the external force with b 
- 0; !hal is, the vibr~tion is ~t a free state without clamping. 
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A!!A..,. .. p'Q!w02:Ff(TJ'WJ, and 6--'lf/2, (3.2.11) 
where the vibrational state becomes the resonance, and the resistance controls the vibration. The 
displacement at the resonance is Qtime.~ a.~ large as that at w.., -o- 0. 
(3.2.12) 
where the incnia controls the vibration, and A "'(IJ..,-2. The displacement hardly follows the 
external force; that is, the vibration is clamped at the frequency much higher than the resonance. 




Then, from cqs. (3.2.4) and (3.2.5), 






The Q-value can be calculated by the measurement ofw,._1, W,u, and w0, using cqs. (3.2.\4) and 
(3.2.15). 
3.2.2 Arwlogy betwee11 ElecrricDI llnd Meclumiclll JlibrQriDII 





where L [H), R [Q], C [F], i [A], and V [V] arc the inductance, resistance, capacitance, electric 
current, and electromotive force, respectively, and 
(3.2.16b) 
is the electric charge. On the other lland,cq.(3.2.1) can be rewritten as 
,, 
m;-+1JV+.bo= Fsinm"t, (3.2.17a) 
where v Jm!s] is the velocity of the mechanical vibration, and 
(3.2.17b) 
Comparison bclwcen cqs. (3.2.16a) and (3.2.!7a) leads to the analogy between the electrical and 
the mechanical vibration as 
electric charge q - displacemcrll 1.1 , 
electric current i - velocity v, 
clectromo!ive force V ... mechanical force F, 
inductance L - incrlia(m), 
resistance R - friction (1]), 
capacitance C - elasticity (k'1), k: stiff11C5S, .t·1 : compliance. 
The corresponderKC mentioned above is important for the discussion which will follow in this 
thesis. 
§J.J. Treatment ror Piezoelectric VIbration 
3.3.1 Ft.ndamental Pie:welectric Relatio!IS 
Intensive variable, stress TJN!m 2 J, and extensive variable, strainS [dimensionless], arc usual-
ly adopted as the variables of mechanical state, and they arc second rank tensors. Stress Tv in i-
direction onj-plane is related to force F, [NJ in i-direction as 
(3.3.1) 
where t.£ 1t.£1MJ is the cubic content on which the force acts, and Einstein's summation conven-
tion is used; therefore, a summation from I to 3 is taken for the repeated indices in the same 
The engineering notations 
T1 .. T11 , T2 ""Tn, rl .. rJJ, 
T•;; TD = TJ1' Ts"' Tu = TJL' T6!! T11 = T21' 
are widely used. The strain S,1 is related to the displacement u as 
sq =<au/ax,+ au;ax,)/2. (3.3.2) 
The engineering notations 
S4 /2!!S11 =S1l' Ssi2"'Su=S31 , S6!2 .. S,1 =S11 , 
are also widely used. The relation between Sand Tis expressed as 
(3.3.3) 
where c [N/m~J and s [m2/N] are elastic stiffness and elastic compliance, respectively. They arc 
fourth tank tensors. 
Intensive variable, electric field E [V/m], and extensive variable, electric flux density D 
[C/m2] arc now adopt~ as the variables of electrical state, and they arc first rank tensors. The 
relation between E and Dis express~ a.~ 
D, = e.f1, or E, = ~,1D1, (3.3.4) 
where E [F/m] and fl [m/F] arc the dielectric constant ( perminivity) and the dielectric impcrmc-
ability, respectively. They arc second rank tensors 
Relations among the mechanical and the clectric.al variable.~ arc called tile fundamental piclo-













w~rc d [mN=C/N), e [N/(V·m)=C/m1], g [m2/C=V·m/N), and h [N/C=V/m] arc the piezoelec-
tric constants. They arc third rank tensors; for example,-\= d,.f• and D• = dblv· Super-
scripts "E" and "0" in the elaslicconstants indicalc lhc electrical condilions E = 0, and D = 0, 
rcspcctivc:ly, and superscripts "T" and "S" in tile dielectric constanls indicate lhc mechanical 
condilions T = 0, and S = 0, respectively. The electromechanical coupling coefficients fl 
[dimensionless] arc generally defined by 
cE=(I-.1;2)cD, (3.3.9a) 
Fig. 3.1. Configuration olthedisk piezoelectric transducer lor the 
Table 3.1. Elastic and dielectric tensorsincrystattographic pOint groupo! 
6mm. The poozoeteelric tensor was shown in Table 2.11. 
Elastic 
' 2 
l [ :--: i ~ ~ 
The notation ·K· means (c, - c,2) 12 Of 2(s, - s,2). and c1 = c,- s, = s,-
OJefe-clrlc 
' 2 
l [ ~ 3 .. 
" 
Table 3.11. Main matariat constants ol "P-7." 












However, these definitions are conceptual. Exact definition of A:1 depends on the vibrational 
mode. The piezoelectric relations mentioned above are euctly defined for the situation of the 
low frequency limit w,.,- 0, because mechanical and electrical vibration cannot follow an exter-
nal fore(: at higher frequency. Therefore, the electromechanical coefficient is also defined for 
hl,-0. 
3.3.1 Form of SDmple 
A sample for the measurement of piezoelectric vibration is in the form of a disk illustrated in 
Fig. 3.1. This is made of PZTmaterial "P-7" (Murata Manufacturing Co., Lid.), which is polar-
ized in the direction of the thickness, that is, z-direction in Fig. 3.\. In this case, the crystallo-
graphic point group of the material is given as 6mm. Its clastic, piezoelectric, and dielectric 
tensor forms arc shown in Table 3.1. The main material constants arc shown in Table 3.11. Silver 
electrodes are sintercd on both facu of the sample. 
3.3.3 Vibrati011a/ Modes and Their Mechoniwl Conditions 
Such a disk piezoelectric uansducer has radial-extensional and thickness-extensional reso-
nances. The lowest resonance frequency of the thickness mode is much higher than the radial-
extensional mode, because: thickness L of the sample is sufficiently thin compared to radius R, 
and roughly speaking, the lowest resonance frequencies of the respective modes are inversely 
proportional to the sizes of the respective directions where the respective resonances can occur. 
At the lowest resonance frequency of the radial-utensional mode, the displacement in the r-
direction becomes the maximum, and the vibration in the z-direction is sufficiently free; that is, 
the stress Ton the z-planes can be regarded as zero. The displacement in the z-direction also 
becomes the ma:dmum as in the r-direetion, because the displacement in the z-direction can 
follow that in the r-dircction at this frequency. 
On the other hand, at the lowest resonance frequency of the thickness-extensional mode, the 
vibration in the r-direction cannot follow the external force, and is damped in the r-direction; 
that is, the strainS in the r-direction can be regarded as zero. 
3.3.4 Piezoelectric Trarr.sverse and LongitudiMI Effects 
With regard to piezoelectric vibration, it is imponant to consider the direction of the wave-
number vector k of the vibration and that of the polarization P accompanied with the vibration. 
In gene13l, when k .... P, the vibration is in the piezoelectric transver.fe effect, and when k II P, 
the vibration is in the piezoelectric l011gitudinal effect. The difference belwccn the two effects 
leads to the difference of the electric conditions of the piezoelectric vibration. The electric 
condition has a great deal to do with the direction of the depolarizing field E =-PI &0. 
In the ~<~dial-extensional mode, the wavenumber vector k is in the r-dircction, the polariza-
tion P and the depolarizing field E = -PI t 0 arc in the z-dircction. Therefore, this mode is 
caused by the transverse effect. In this case, the depolarizing field in the z-dircction is com-
pletely short-circuited because of the existence of charges on the electrodes in the z-plancs. 
This ]cads to the electric condition of E, being constant (or£,= 0) in the direction of the wave-
number vector k, the r-dircction in this case. The electric nux density D3 is not homogeneous 
in the direction of k, because the stress T, and the strain S 1 arc not homogeneous in this dircc-
lion. 
On the other hand, in the thicknes.~-extcnsional mode, k, P, and E = -PI £a arc in the z-
dircction. Therefore, this mode is caused by the longitudinal effect. In this ca.o;e, the depolariz-
ing field £ 1 = -P11 fa is not homogeneous in the direction of k, the z-dircction in this case, 
because T1 and S1 arc not homogeneous in this direction. On the other hand, D3 is homogene-
ous in this direction. This leads to the electric condition of D1 being constant (or D, = 0) in the 
direction of the wavenumber vector k, the z-dircction in this case. 
§3.4. Theory ofRadlal-Ektenslonal Mode In Piezoelectric Transverse Elfecl 
The vibration in the disk transducer can be analyzed using cylindrical coordinates. The 
theoretical analysis of the vibration of the radial-extensional mode is essential for the consil.le13-
tion of the new methods for evaluating the piezoelectric transducer described in this chapter. 
The radial-extensional mode is caused by the piezoelectric transvcn;c effect. 
The piezoelectric equations arc given by the d-form as 
S, =sE11 T,. +.1"~ 11700 +SEllT= + d11£,, 
Soo =s~t2r,. +sEtJoo +sr.llr= + d,l,, 
S., =sEllT, +sE1JTOO +sF·11T,. + d11£,, 
D, = dl1T,. + d11 T00 + dllT:: + t1ll£:, 





alu, <IT,., T,.,- T88 
p-=-+--, 




are the strain, u, is the displacement in the r-direction, T _ is the stress in lhe m-direction on lhe 
11-plane, £, (=EJ) is the electric field in the z-direction, D, (=D~ is the electric nux density in 
lhe z-direction, sf.~ is the elastic compliance when E = 0, dJJ is lhe piezoelectric d-constant, and 
p [kgtml] is lhe mass density of the material. Notations that 
are used here. 1nc mechanical condition is given by 
T::r(=TJ=O, (3.4.5) 
andlheelectrical condition is given by 
.3_=0. (3.4.6) ,, 
The grounds of eqs. (3.4.5) and (3.4.6) wert described in §3.3.3 aOO §3.3.4, respectively. From 
eqs. (3.4.1a) and (3.4.1b) using the mechanical condition eq.(3.4.5), T,., and Tfl8 are expressed as 
T,., = c'S,., +c'a~1111 - e'E,, (3.4.7a) 
T1111 = c'oS,., + c'S1111 - e'£,, (3.4.7b) 
wh<K 
c'= { s~11 (I- a2) t-1, (3.4.8a) 
cr=- sEt2/.I"Eu• (3.4.8b) 
e'=dJ1 /{sE11 ( 1-a) ), (3.4.8e) 
where a [dimensionless] is the PoiSS(In's ratio of the material. 
Substitution of eqs. (3.4.7a) and (3.4.7b) into eq.(3.4.3) using the electrical condition 
cq.(3.4.6)gives 
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Table 3 IlL The value of "A for lhe Poisson's ra1io" 
"• ''~"• 
where 
oo..,2p iPu(r) I au(r) u(r) 
--u(r)=-+----
c' art ar ,1 
u,=u(r) exp(- joo..,t), 
(3.4.9) 
(3.4.10) 
is assumed. Equation (3.4.9) is the Bessel's equation; therefore, u(r) can be expressed as 
u(r)=B'J1(oo..,r/v), (3.4.11) 
whereB' [m] is a cocfficient,J.(:cJ is the Bessel function of the first kind of order i, and v [m/s] is 
the acoustic velocity of the n~dial-extensional mode, 
(3.4.12) 
The Bessel function of the second kind, the Neumann function Y,(:c), is not appropriate for the 
exprcssionofu(r), because whenr-0, Joo;(oo..,r/v)-- "'· 
l1H: coefficient B' can be determined by the mechanical boundary condition, 
Tn=O at r=R, (3.4.13) 
where R [m] is the radius of the disk sample. By using eqs. (3.4.4), (3.4.7a), (3.4.11), (3.4.13), 
and the relationship on the Bessel function, 









The pole of the coefficient B' determillCS the frequencies of the mechanical resonance which is a 
characteristic of the entire sample. That is, the mechanical resonance angular frequencies, 
m...,.=a.v/R(II = 1,2,3,--·), 
can be obtained by 
The value of a. for the Poisson's ratio o is shown in Table 3.m.s> 
(3.4.16b) 
(3.4.17) 
The electric flux density D, is expressed by usingeqs.(3.4.2), (3.4.7a), and (3.4.7b) as 
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The super,;cript "PS" in eq.(3.4.19) indicates that S, = S00 = 0, clamped in the plane. Equations 
(3.4.19) and (3.4.20) are the definition of the electromechanical coefficient II.Pl in the radial-
extensional mode. The electric current/ [AI is calculated using 
l=jw, J:o,lludr, 




where L (m) is the thickness of the disk sample. The admiuance Y[S] =II V can he calculated 
by using cqs. (3.4.21a) and (3.4.2lb) with eqs. (3.4.18), (3.4.4), (3.4.11), and (3.4.15) as 
Y=Y0 +Y,, (3.4.22a) 
where 
Y0 =jw,C0 , (3.4.22b) 
. "/ l•o 




which is the capacitance when S, = S80 = 0, measured at the low frequency limit wA- 0. 
When eq.(3.4.17) is satisfied, the piezoelectric admittance Y, in cq.(3.4.22c) becomes the 
maximum;thatis,electricalresonanceoccur,;. 
The piezoelectric admittance Yr can be expanded with respect to the !:a., the pole of 
eq.(3.4.22c), asS> 
Y,=l: 1 ' 
""
1 j{w"L" -1/(w,.c.n (3.4.23a) 
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•.' C~=p.~C0 , (3.4.23b) 
L.=(w,.}C1t 1• (3.4.23c) 
with 
2( I +o) 
P.= a.1 -(J-ol) (n=l,2,3;··), (3.4.23d) 
~,P.= 1. (3.4.23e) 
Therefore, the equivalent circuit for the radial-extensional mOOe in the piezoelectric transverse 
effect can be expressed as illustrated in Fig. 3.2. The capacitance c. (n = 1 ,2,3;··) corresponds 
to the elasticity of the n-th resonance of the mOOc, and inductance L. corre..~ponds to its incnia. 
§3.5. Theory orlblckness-Extenslonal MOOc In Piezoelectric Longitudinal EITect 
The thickness-extensional mode is caused by the piezoelectric longitudinal effect. The 
piezoelcctric equations are given by thee-form as 
T== cE1 yS.,.+c\rS"00 +cf.1r~=-e1~,. 







where cH~ is the clastic stiffness wllcn E:: 0, and eiJ is the piczoclcctric e-constant. The me-
chanical and the electrical conditions are given by 
S., ::580 ::0. (3.5.4) 
~::0. (3.5.5) ,, 
The grounds of eqs. (3.5.4) and (3.5.5) were described in §3.3.3 and §3.3.4, respectively. From 






where rll is the clastic stiffness when D = 0. The translation from cq.(3.5.1) to eq.(3.5.6) is 
necessary for the analysis of the vibration, because£, is not constant in the z-dircction. Equa-
tions (3.5.7) and (3.5.8) define the clcctromeehanieal coefficient in the thickness-extensional 
mode. 
Substitution of eq.(3.5.6) into eq.(3.5.3) using the electrical condition eq.(3.5.5) gives 
The expression for r.o, is assumed as 
u,=r.o(z) exp( -joo,..t), 
with 






is the acoustic velocity of the thickness-extensional mode. Coefficients 8' and C' can be deter-
mined by the mechanical boundary condition, 
T==O at z=-z.Lfl. (3.5.12) 




cll33t 53iw,..lv)cos( w,..U(2v)) 
(3.5.13a) 
C'= 0. (3.5.13b) 
Theclcctriccurrcntlisassumedtobccalculatedby 
" 
I=jw ... [o, 2Jvdr =iw ... D,ItR2, 
and the electric vohage Vis given by 
(3.5.14a) 
(3.5.14h) 
For the ca1culadon of the admittance Y =I 1 V, eq.(3.5.2) is integrated with respect to z from -L/2 
to L/2, and we oblain 
D L = ~s V + e1/ D; sin{ oJ_.,L/(2v)} . 
' " c031~5nl w,.f(2vH cos{ w ... Lf(2v)) 
Integrating eq.(3.5.15a) with respect tor yields 
jw ... D,ItR2{ I - k12 (tan b)lb } = jw ... £5 31 1tR2 V 1 L, 
where 
b=w ... L/(2v). 
Therefore, the admitt3nce Y can be expressed a.~ 
When 
Y=iw ... --''_,_""' · 
1-k,'(t3nb)lb L 






the mechanical resonance occurs in consideration of eqs. (3.5.10b), (3.5.13a) and (3.5.13b). 
Then, the admittance becomes zero; tltat is, clcctrical antircsonance occurs. 







Fig. 3.3. Equivalent circuil lor lhe lhickneS$-exlensional mode in \he 
piezoeledrictcngiludillalelleel. 
" 
which is the capacitance measured at the low frequency limit w,.- 0 in the damped state in not 
only the r-, and 8-directions but also :-direction. The second tcnn in eq.(3.5.18c) can be elt-








p.,=S!(xlmt) for m=J,3,5, ·, andp,.=O for m=2,4,6,···, (3.5.19d) 
?:1 P, = 1. (3.5.!9e) 
Therefore, the equivalent circuit for the thickness-extensional mode in the piezoelectric longitu-
dinal effect can be expressed asillustn~tcd in Fig. 3.3. 
We summarize the difference between the piezoelectric transverse and the longitudinal ef-
fects. In the transverse effect, the mechanical resonance corresponds to the electrical resonance. 
On the other hand, in the longitudinal effect, the mechanical resonance corresponds to the elec-
trical antiresonance. Therefore, in the electrical equivalent circuits, the negative capacitance 
-C0 exists in series with the impcdaoc.c which corresponds to the piezoelectric vibration in the 
longitudinal effect. This difference is caused by the difference of the electrical condition. In 
the transverse effect, the electrical condition is that E is constant. Even if E = 0, which is the 
ideal situation at the electrical resonance, the vibration can occur. Therefore, the electric voltage 
V corresponds to the external force, and the mechanical resonance can occur at the electrical 
resonance. In the longitudinal effect, the electrical condition is that D is constant. Even if D = 
0, which is the ideal situation at the electrical antircsonance, the vibration can occur. Therefore, 
the electric current 1 corresponds to the external force, and the mechanical resonance can occur at 
the electrical antircsonance. 
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Fig. 3.4 Equivalent circuil ol1tu" piezoelecllic transducer near lhe 
present resonance. This expression is appropriale lor bolh lhe piezo-
elaet<ictransverseandthGiongitudinaleHects. 
'"..., 
Fig. 3.5 Frequency characteristic ol Y" Y0 + Y,..,. the locus of the 
admollance. The abscissa and the ord<nate are the conductance G (S) 
and the susceptance 8($[. respectively The locus rotates clockwise 
whenthelrequencyincreases 
so 
§3.6. Electromechanical Measurement or Piezoelectric VIbration 
3.6.1 Admitlclllce t~ear ReSQIIat~ce Frequet~cy 
The admillance of tiN: piezoelectric transducer ncar the resonance frequency can be cxprcs.-.ed 
where 
Yd =jwAcd, 




This expression is appropriate for both the piezoelcc:~ric: tr.ansven;c and longitudinal effects. The 
motionaladminance Y...,. in eq.(3.6.lc:) is not equal to the admillancc Yr in eqs. (3.4.22c) and 
(3.5.19a), and the dumped capacitance Cd in eq.(3.6.lb) is not equal to the capacitance C0 in eqs. 
(3.4.22d) and (3.5.18d), because r_ deals with only one resonance under consideration. On 
the other hand, Yp is the total piezoelectric admittance, involving harmonic resonances. There-
fore, the dumped capacitance Cd includes not only C0 but also the other clements in YP, which are 
notincludcdinY...,.. 
The equivalent circuit of the piezoelectric: transducer ncar the present resonance is shown in 
Fig. 3.4. The frequency characteristic of Y = Yd + Y,.,. is illustrated in Fig. 3.5. Figure 3.5 
shows the locus of the admittance, and the abscissa and the ordinate are the conductance G [SJ 
and the susceptance B [SJ, respectively. The locus rotates clockwise when the frequency in-
creases. The angular frequencies oo..,, 000, w,, w,,oo0, w.-.1' and ooA2 arc defined as 
wA = m,., when I Y I becomes the maximum, 
wA = W0, when I Y I becomes the minimum, 
IDA =ID, (resonance), 
IDA =w, (antiresonancc), 
} when the susceptance B = 0, where oJ, < ID, 
IDA= ID0 , when the conductance G becomes the maximum, 
ID.-. = w..,1, when the phase angle ofY,.. is N'4, 
wA = ID,u, when the phase angle ofY...,. is- N'4. 
The mechanical Q-valuc can be calculated by 
Q-l =(ID,u- IDAI )/ID0 =WoClp• 
using the electromechanical measurement of the piezoelectric transducer. 
(3.6.2) 
3.6.2 Measurement of Elecfromeclwnica/ Coupling Coefficient 
The electromechanical coupling coefficient 1:2 can be detennined by the measurement of oo, 
and oo,. The methods of dctennining of 1:2 arc described below. The electromechanical coupling 
coefficicnt1:2 depends on the vibrational mode, and we can express 1:2 exadly as 
(3.6.3) 
where c. (n = 0,1,2,3,.··) is illustrated in Figs. 3.2 and 3.3 and depends on the vibrational mode. 
The capacitanC(: C0 is in proportion to the dielectric constant measured at the low frequency limit 
w11 .... 0 in the clamped state defined in the respective modes. The summation of C. from n = 1 
to CD corrcsportds to the elasticity of tile transduC(:r at the low frequency limit oo11 .... 0, because 
all modes of vibration can follow the external force completely at oo11 .... 0, and the mechanical 
vibration is controlled completely by stiffness. The expression of 1:2 in eq.(3.6.3) involves the 
specific definition of 1:2 of the respective modes mentioned previously. 
The relationship among1:2, oo,, and oo, is as follows. 
In the piczoclcdric transverse cffect,theclectric:cquivalent circuit can be expressed in Fig. 
3.2. With regard to the purpose: of calculating k2, the admittanC(: Y:: Y0 + YP is assumed to be 
expressed as 
where b(oo11) is the function of oo11 and is in proportion to oo11. At the resonant(: angular frcquen-
cyoo11=oo,,mechanical rcsonanC(:OCC:UrsandYrcac:hcsitspcak;thcrefore, 
(3.6.4b) 
At the antircsonanC(: angular frequency oo11 = 001, Y approaches its minimum; therefore, 
(3.6.4e) 
At the low frequency limit w" .... 0, b approaches zero, and 
(3.6.4d) 
Equation (3.6.4a) is based on the electric equivalent circuit of the transverse effect, and cqs. 
(3.6.4b) and (3.6.4e) satisfy the definition of electrical resonance and anti resonance, respectively, 
and cq.(3.6.4d) is consistent with the expression of k2 given by eq.(3.6.3). Therefore, cqs. 
(3.6.4a) to (3.6.4c) arc reasonable for the purpose of calculating k2 in the transverse effec!. 
From cqs.(3.6.4b) and (3.6.4e), 








Fig. 3.7. Frequency characreristics ol the admillance near the flfSf 
resonance ol lhe radial-extensional mode. (a) The G-6 cnaracteristic 
(b) The solid lii'IG and lha dashed hne show the frequency charaeteris~cs 
ol I Y I and the phase angle ol Y, that is, lhe phase difference between 
lheeleclriccurrent/andlhevollageV,respedively. 
lc1 (lt/2)(m,/m,) 
1-lc2 tan { (lt/2)(m,/o1,)) 
(H>.5) 
can be obtained, because b(m,.) is in proponion to 01..,. Equation (3.6.5) is used for the calcula-
tion of lc1 in the electromechanical measurement of piezoelectric ,·ibrmiun in the transverse cf-
'"'· With regard to the piezoelectric longitudinal effect, a similar assumption is rca.~onahlc for the 
expression of Y = Y0 + YP as 
(3.(>.6a) 
which is based on the electric equivalent circuit illustrated in Fig. 3.3. At the resonance angular 
frequency m,. = m,, Yapproaches its peak; therefore, 
1-lc1tanb(w,)/b{w,)=O. (3.(>.6h) 
At the antircsonanec angular frequency w,. = m,, Y approaches its minimum; therefore, 
b(m.) =Jt/2. 
At the low frequency limit w,.- 0, b approaches zero, and 
Yf(jw,J-C0 !( 1-lc1), 
which is consistent with eq.(3.6.3). From cqs. (3.6.6b) and (3.6.6c), 
lcl = ---'-(R/2_-):_c(w_,_,l_w,,_) _ 
tan { (lt/2)(m,/m,)} 
(3.(>.6d) 
(3.6.7) 
can be obtained. Equation (3.6.7) is used for the calculation of lc 1 in the electromechanical 
mcasurcmcntofpiczoclcctricvibration in the longitudinal effect. 
3.6.3 Elec/romechorticol Measurement of Disk Sample 
A frequency cha~actcristic of the admittance I Y I of the disk sample described in §3.3.2 is 
shown in Fig. 3.6. Impedance analyzer (HP4192A) was used for the measurement. The peaks of 
Ybelow I MHz arc caused by the radial-extensional resonances whose frequencies arc deter-
mined by cq.(3.4.16b), and the antircsonances of Yover I MHz arc mainly caused by the thick-
ness-extensional resonances whose frequencies are determined by cq.(3.5.17). 
Figures 3.7(a) and 3.7(b) shows the frequcocy characteristics of the admittance ncar the first 
resonance of the radial-extensional mode. Figure 3.7 (a) shows the adminance locus, that is, G-
Bcharacteristic, and the solid line and the dashed line in Fig. 3.7 (b) show the frequency charac-
teristics of I Y I and the phase aoglc of Y, that is, the phase difference between the electric 
Table 3.1V. Typiealresulls of the measurement of w..,,. w.,. ru0 • w,. "'.o.z· 
ou0 • and '"• near thelir$treSOIIIInce of the radial~extensional mode. 




Table 3.V. The 0-value, k/ and the parameters of the equivalent c:ir~ 
eu~ reprooonted ill Fog. 3.4. C0. CP. RP. and L,. ealculated by tile data in 
Table3.1V. 
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Frg. 3.8. Light lor the measurement is incident on the sample surface. 
Diagram (a) shows the incidence of the light on the sample in !he z~ 
diree1ion. Diagram (b) shows tile incidence at tile edge of the sample in 
current and th.e voltage, respectively. The results of the measurement of w,w w,., w0, w,, w..,., 
w,. and w. defined in §3.6.1 arc shown in Table 3.1V. The Q-value is calculated as 78 by using 
cq.(3.6.2), and the electromechanical coupling coefficient k/ is calculated as 0.37 by using 
eq.(3.6.5). Table 3.V shows the paramctcJS of th.c equivalent circuit represented in Fig. 3.4, Cd, 
CP, RP, LP, as well as Q and k/ We must pay anent ion to the variation of Q-value due to cc:r-
tain experimental conditions, e.g. the method of fixing the sample. The values of Jr.1 and w, of 
different samples of the same shape and made of the same material arc not always the same. 
In Fig. 3.7 (b), the phase angle of Y decreases from t:n: to -:n: at the resonance: , and increase.~ 
from -:n: to t:n: again at the antircsonance. The fonncr phase shift is caus.:d by mechanical TC.'\0-
nancc, where the phase difference 6 between the displacement u and the external force F 
cllangcs, as expressed in cqs. (3.2.10) to (3.2.12). The correspondence between mechanical and 
electrical vibration exists, as described in §3.2.2. The latter phase shift is caused hy the innu-
encc of the dumped capacitance which exists intrinsically in the piezoelectric transducc:r. 
§J.7. Evaluation of Piezoelectric VIbration by Optkal Measurement of Acoustic Amplitude 
The optical method described in §2.4 enables us to measure the amplitude and the phase of 
the acoustic vibration. This section described the evaluation of the piezoelectric disk transducer 
by optically measuring acoustic tJmplitude. The optical measurement of the acoustic phase 
measured optically will be described in §3.8. The experimental configuration was dcscrihcd in 
§2.4.2, as illustrntcd in Figs. 2.13 and 2.14. The method of calc:ulating the amplitude U" was 
described in§2.4.3. 
The light for the measurement is incident on the sample surface, as illustrated in Fig.3.8. 
Diagram (a) in Fig.3.8 shows the incidence of the light on the sample in the z-direction. Chang-
ing the measurement point on the z-plane enables us to evaluate the amplitude in the z-direction. 
U-.Jr), at the position r locally. Diagram (b) in Fig.J.II shows the incidence at the edge of the 
sample in the r-dircction, and the amplitude in the r-dircction, U ,.,(r), at the position r = R can 
be evaluated. The strnins 51 and Sl can be calculated from the amplitude as 
S1 =U,.,(R)IR. 
S1=U,.(r)I(LI2). 
3. 7.1 Eva/UDtion of Pie:roe/ectric "d' N Value 1~ l) 
(3.7.1) 
(3.7.2) 
In this section, we describe the optical measurement of the vibration of the rndial-e:ttensional 
mode. This mode is caused by the piezoelectric transverse effect, as described in §3.3.4. The 
electrical condition in which the dedric field E is constant can be adopted. For example, the 
acoustic velocity is determined by the clastic compliance sE, where E = 0 is conditioned, and the 
equation of the d-fonn expressed in cq.(3.3.5) is adopted for fundamental piezoelecuic relations. 
Therefore, we deal with the value S IE as the fundamental value of optical measurement. We 
measure the frequency characteristics of S IE ncar the first resonance frequency of the radial-
extensional mode. 
The fundamental piezoelectric relations and the electromechanical coupling coefficient are 
defined at the low frequency limit 0111 -0, as described in §3.3.1 and §3.6.2. Therefore, we 
consider the low frequency limit of S IE below. From cqs. (3.4.4), (3.4.10), (3.4.11) and 
(3.4.15), we can obtain ll 
S00 1E,-.d31 (w,.-..0), (3.7.3) 
S,.,l£,-..d31 (w..,-..0), (3.7.4) 
S, sfnl.r'-11 ·(S,.IE,+S011 1E,-'1d31 ) 
- +d33 -d» (w,. -o), (3.7.5) 
E, 1-cr 
where the characteristics of the Bessel fundions, when A"- 0, Jof,c)-. I, and Jlt) - A"!2, are 
used. In that way, we can measure the piezoelectric d-constants by measurement of S 1 Eat the 
low frequency limit. But, measurement near de frequency is generally difficult because of the 
influence of noise in experimental circumstances. In addition, using optical measurement, the 
sensitivity of the measurement becomes lower at the low frequency ncar de, as expressed in 
cq.(2.4.9), in which the phase modulation index tJ.9,. is in propoL1ion tow.., ncar w.., = 0. With 
regard to the electromechanical measurement described in §3.6, the eledromechanical coefficient 
k which is in proportion to the piezoelcdric constant is measured ncar the resonance frequency 
of the mode by using eq.(3.6.5) or (3.6.7), without using cq.(3.6.3) defined at de. 
We also determine the optical measurement of the piezoelectric vibration ncar the resonance 
frequency in order to obtain higher sensitivity. For the optical measurement of the piezoelectric 
constant which is defined at de, we usc the theory of simple harmonic oscillation described in 
§3.2. From cqs. (3.2.10) and (3.2.11), the amplitude of the vibration at the resonance, A=, is Q 
times as large as that at w,.- 0, A 0. Therefore, we can obtain A0 by measurement near the 
resonance frequeneyas 
(3.7.6) 
where the Q-value can be calculated by cqs.(3.2.14) and (3.2.15) and we must usc the value of 
A,.. att~ first resonance. Equation (3.7.6) is applied to the calculation of the low frequency 
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FIQ. 3.9. Frequeoey characteristics of S3 ! E3 near the Nrsl resonance ( 
about 0.19 MHz) ollhe radial-e~lansional mode allhe pOiniS (a) r = 0, 
(b) r .. 0.5R, and (e) r .. 0.9R of lhe sample surtace, respee1ively. The 
light lor the measurement is illcidenl in the <'-direction. 
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Fig 3.10, Local chasacteristics of the maximum vatueof S3t E3, the Q-
vatueandthevatueofd'33inlhefirstresonanceofltle radial-extensional 
mode. The abscissa is distance from lhe center of the sample. A 
bfoken line shows lhe value of d33 giv&n in Table 3.11 
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F.g.3.11. Frequa11Cydlaraeteris~cofS1 /E3 nearlhelirstresonanceol 
lhe radial-e~lensionat mode. The light is incidenl•n the r-dorecbon. 
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limitofS/£. 
In order to avoid confusing the d-constanl as the material constant with the present d-likc 
value, we call the Iauer "d'." That is to say, we can obtain the value of "d'" according to 
d' = 51 ! E, (maximum) 
., Q • (3.7.7) 
where we must use the value of S IE and Qat the first resonance. The Q-value is calculated by 
the frequency characteristic ofSIE. 
The experimental results are as follows. The light for the measurement is incident on some 
points (a)r = 0, (b) r "'0.5R, and (c) r"' 0.9R of the sample surface. Figures 3.9(a), 3.9(b), 
and 3.9(e) represent the frequency characteristics of S1 I £1 ncar the first resonance ( about 0.19 
MHz) of the radial-extensional mode at the points (a), (b), and (c) mentioned above, respective-
ly. 
We can read the maximum value of 51 I £1 and the Q-value at the resonance from Fig.o;. 3.9 
and obtain the value ofd'11 by applyingcq.(3.7.7). At point (a), 51 I £ 1 (max.)= 21.2xi0"9 mJV 
and Q =49.1 gived'31 = 4.32xi0"10 mN. At point (b),S11£1(max.) = 20.3xl0"9 mN andQ = 
53.2 gived'11 = 3.82xt0· 10 mN. At point (c), 51/£1 (max.)= 12.5x!0"9 mN and Q = 46.6 give 
d'11 = 2.68xl0" 10 m/V. These results arc shown graphically in Fig. 3.10. We find that the 
maximum value of S1 I £1, the Q-value, and tile value of d'11 arc different locally and distributed 
variously. Ideally, from cq.(3.7.5), the value of d'n should be the same regardless of the posi-
tions measured. The cause of such a distribution could be as follows: I) the inf1uence of the 
boundary of the sample; 2) the inequality of spontaneous polarization; and 3) the inequality of 
the electric field. Considering the shape and the high pcnninivity of the sample, cause I) is the 
most probable. This means that the strain is not homogeneous even at zero frequency. Al-
though the Q-value should ideally also be constant, the reason for the distribution may be the 
difference in the clamp state, which rcf1ccts the different frequency characteristics of the vibra-
lion. 
A broken line in Fig. 3.10 sllows the value of dn (4.10x10-w mN) given in Table 3.11. Ap-
praising the values of d13 andd'JJ' we find that the value ofd'11 is comparable to that of dJJ at tile 
center of the sample (5% larger), but rather smaller ncar tile edge (35% smaller). 
The value of d'11 can be also calculated by usingcq.(3.7.7). The light for tile measurement is 
incident on the point r = R in tile r-dircction, as illustrated in Fig. 3.8(b). Figure. 3.11 shows tile 
frequency cllaracteristic of 511£1 near tile first resonance. In tllis case, 511£1 (max.)= 6.0xl0"9 
mN and Q = 29 gived'11 = 2.1><10- 10 mN, which is nearly in agreement with tile value ofd11 ( 











Fig.3.12. Frequencycllarac1eris~csollheadmi11ancenearlhe sOC«ld 
resonance or lhe racloal-exlensional mode. (a) The G-8 eharacleristie. 
(b)Thesolidlin&andthedashedlineshowlhelrequencyeharaeteristics 
ol I Y I and !he phase angle ol Y. respectively. 






Table :l.VII. The 0-value. liP 2 and the parameters ol the equivalent 
circuit represented in Fog. 3.4. C0• CP. RP. and ~· calculatad bv the data 
inTable:l.VI. 
c, 51:lpF 
•,' c, :l8.2pF 
R, 
~ 
3.7.2 Evaluafion of Reso11ance of Higher Order 
The first resonance of the radial extensional mode was used for the calculation of d' in §3.7.1. 
Here we describe the case of using the second resonance of the mode. Figures 3.12(a) and 
3.12(b) show the results of electromechanical measurement at this resonance. Table 3.VI shows 
the values ofoo.._1, oo,., ooO' oo,, OO,u, oo,,andoo,, and Table 3.Vll shows the values of 11.1, Q, and the 
other parameters of the equivalent circuit in Fig. 3.4. We find that the maximum value of I Y I 
and the value of 11.1 measured at the second resonance decrease compared with those at the first 
resonance. Thcn:asonisascxplainedbclow. 
As described in §3.6.2, all modes of vibration can follow the external force without a phase 
lag at the low frequency limit; but, the vibration with lower resonance frequency cannot follow 
the external force and has a phase lag behind the force as the frequency of the force becomes 
higher. In the equivalent circuit illustrated in Fig. 3.2, all components of the elasticity C1, 
C2,C3, .. ·, arc effective in the frequency range under the first resonano::; however, in the frequen-
cy range over the first resonance and under the second one, the first branch of the vibration is 
controlled by inductance L, that is, the inertia, and the components of the elasticity C1 arc ne-
glected, and the others C2 , C3, ... , arc effective. The value of C~ (n = 0,1,2,3, ... ) was represented 
in eqs. (3.4.22<1) and (3.4.23b). From cqs. (3.4.19), (3.4.22d), (3.4.23b), and (3.4.23c), we can 
obtain 
(3.7.8) 
Therefore, the decrease of the effective components of C~ at higher frequency yields the apparent 
decrease of the electromechanical coupling coefficient, even though the coupling constant is 
defined at the low frequency limit. For example, the apparenl value of II/ measured at the 
second rcsonane<:: becomes 1 - p 1 times as large as the value of 11/ measured at the first reso-
nance. In the p~nt disk sample, p1 = 0.78 is obtained by using eq.(3.4.23d) and the value in 
Tables 3.11 and 3.111; therefore, 1 - p1 = 0.22. The electromechanical measurement gives 
A:P2 =0.37 at the first resonance, 
A:P l = 0.078 ( ;;; II'/) at the second rcsonane<::, 
as in Tables 3.V and ).VII, respectively. Therefore, the decrease of the coupling is 
A:'/ /kp2 = 0.078/0.37 = 0.21, 
which is nearly in agreement with the theoretical value of I - p1 = 0.22. 
On the other hand, using optical measurement, local measurement of the vibration is possible. 
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Fig.3.13.(a). (b) Frequencychatacteristiesol (a) S3 1Earneasuredat 
the position r = 0 in the .z-diree1ion. and (b) 5 1 I E3 measu!ld at the 
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Fig. 3.15. Frequencycharacteristicsoltheadmiltancenearthe lirst 
resonance and antiresooance ol the thickness-e~lensional mode. The 
solid line and the dashed line show 1 Y 1 and the phase angle ol Y. 
respectively. 
Table 3.VIII. The 0-vatue, 11,2 and the parameters ol the equivalent 
circuit reprG$Gnled 111 Fog. 3.4, C0, CP, RP, and ~-
c, 159pF 




r = 0 in the z-direetion andS1/ E1 measured at the positionr = R in the r-dircction, respectively. 
The frequency ~ange in Figs. 3.13{a) and 3.13(b) involves the first and the scrund resonances. 
The value of Sl/ El at the position r = 0 at the S(:COnd resonance is about 60% of that at the first 
rcsonmcc. The value of 51 f El at the position r =Rat the second resonance is only about 20% 
of that at the first resonance. This suggests that the vibration at the position r = R has more 
difficulty following the external force than is the case at the position r = 0. As the frequency 
characteristics ncar the first resonance give the value of d' by usingc!.j.(3.7.7), a similar calcula-
tion at the second resonance gives a value similar to d', which we call d'. Figure 3.14 shows 
the ~atio of the maximum value of Sf Eat the second resonance to that at the first resonance and 
the ~atio ofd'to d' at the positions r = 0 and r = R. The dashed line in Fig. 3.14 shows the ~atio 
ofk'P to kP. We find that the decrease of the electromechanical coupling varies locally, because 
it is more difficult for the vibration ncar the boundary to follow the external force at higher 
frequency, and the electromechanical coefficient measured by the electromechanical method is 
an ave111gc of the local value. The electric equivalent circuit in Fig. 3.2 expresses the average 
characteristics of the piezoelcclric transducer as a whole. Therefore, the electric e!.juivalcnt 
circuit is not effeclivc for investigating the transducer from a local point of view. 
3.7.3 Evalumion of Piezoelectric "g' N Volue 1~2) 
In this section, we describe the measurement of the thickness-extensional mode. Figure 3.15 
md Table 3.VIIl show the results of electromechanical measurement ncar the first resonance and 
anliresonancc of this mode. 
In the case of the measurement of the radial-extensional mode, we dealt with S IE as the 
fundamental value, considering the electrical condition of the mode with E as constant. As are-
sult, the valued' corresponding to d can be measured as a parameter of the electromechanical 
coupling. 
ln contrast, the thickness-extensional mode is caused by the piezoelectric longitudinal effect 
as described in §3.3.4. The electrical condition in which the electric flux density D is constant 
can be adopted. For example, acoustic velocity is detcnnined by the clastic stiffness cD, where 
D = 0 is conditioned. In §3.5, the e-fnrm was adopted for the fundamental piezoelectric rela-
tions, in which stress T and electric flux density D arc the dependent variables and st~ain Sand 
elcctric field E are the independent variables. From the viewpoint of optical measurement, it is 
desirable that the strain S be the dependent variable, and from the viewpoint of the electrical 
condition of the piezoelectric vibration in this mode, it is dcsi~able that the electric flux density D 
be the independent variable. Therefore, we adopt the g-fonn expressed in eq.(3.3.7) as the 
piezoelectric fundamental rcla!iDn. As in the case of the radial-extensional mode, we can calcu-
10~-------· 
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Fig. 3.17. The maximum value ol 53 / 0,. lhe 0-value, and lhe value of 
g·33 measuredallhelirslanliresonanceollhe1hickness-extensronal 
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Fog.3.18.(a). (b) FrequencycharacteristicsofS IE ol1hethickfi9SS-
extell$ional mode measured at the position (a) r" 0 in the z-direction 
andatlheposition(b)r:Rinlhar-direction.respeetively. 
late the value corresponding to the pie:wclectric g-constant using the frequency characteristics of 
5/Dby 
g'~ = 511 D, (maximum)' 
Q 
(3.7.9) 
where we must usc the value of SID and Qat the first antircsonantc. 
In the thickness-extensional mode, the vibration is clamped in the r-direction, and the stress 
Tis not zero at the circumference of the sample. As a result, the low frequency limit of SID 
cannot be expected to agree with the g-constant, because T = 0 is not satisfied in eq.(3.3. 7) even 
at the low frequency limit. However, the value of g' can be a criterion for the evaluation of the 
transducer. 
ThevalucofD3c:anbc:c:alculatedas 
I Yl =.!.:..!.= w,.,DJnRl' 
I VI v 
(3.7.10) 
where the voltage V between the two electrodes on the z-plane and the result of the electrome-
chanical measurement shown in Fig. 3.15 arc used. The experimental results arc as follows. 
The light for the measurement is incident on two positions (a) r = 0, and (b) r .. 0.9R of the 
sample surface in the z-direction. Figures J.16(a) and J.16(b) represent the frequency char-dc-
teristic:s of SJ I D3 near the first anti resonance (about 1.3 MHz) of this mode at the positions (a) 
and (b) mentioned above, respectively. Figure 3.17 shows the maximum value of 53 I D3, the 
Q-value, and the value ofg'JJ obtained by Figs. 3.16and cq.(3.7.9). At point (a), 53 I D3 (max.) 
= 9.50 V·m/N and Q = 224 give g'33 = 42.4x!0"3 V·m/N. At point (b), S3 I D3 (max.)= \.05 
V·mJN and Q = 198 give g'JJ = 5.30xi0·3 V·m/N. 
A broken line in Fig. 3.\7 shows the value of gJJ ( 22xto·J V·m!N) given in Table 3.11. We 
firKithatthe value of g'33 is much (76%) smaller at the edge of the sample and much (93%) larger 
at the center than that of g13 due to the influence of the boundary. The ratio of the value of g' at 
the center to that at the edge is large, compared to d'. The influence of the bourKiary on the re-
sults of the measurement of g' is seen to be stronger than that of the measurement of d', because 
the resonance frequency of the thickness-extensional mode is much higher than that of the radi-
al-extensional mode. Hence, a much stronger effect of the clamp may exist in the fonncr case. 
For reference, the frequency characteristics of S IE of this mode arc shown below. Figure 
3.18(a) and 3.18(b) show the frequency characteristics of S IE measured at the position r = 0 in 
the z-direction and at the position r = R in the r-direction, respectively. As in the case of the 
radial-extensional mode, strainS approaches the maximum at the electrical resonance, because 
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Fig. 3.19. (a),(b) Frequencycharacteristiesolthephaseollhe acoustic 
vibration measured at lhe positions (a) r = o of the sample surlaee in Ill& 
z-direclionand (b)r= R.lheedgaoflhesample,inlhor-difeclion. 
the electrical resonance when the ,·oltagc is constant. The strain S1 in the r-dircction is much 
smaller compared with that in the rndial-cxlcnsional mode because of the mech~nical clamp 
§3.8. Evaluation ofPiezoelectrie VIbration by Optical Measurement of Acoustic Phase•l 
3.8.1 Evaluation of Acoustic Velocity otul Pois.mn!; /lJ:llio 
Using the optical method described in §2.4, pha.o;c: of acoustic vibration (strictly speaking, the 
sum of the phase difference between the acoustic vibration to he measured and the driving volt-
age of the vibration and some phase value dependent on the experimental system ) can he meas-
ured. At electrical resonance frequencies of the sample, the frequency characteristic of the 
phase mentioned above changes by about - 1t radians. At electrical antiresonance frequencies, 
a phase shih of+ 1t cannot be observed with the present optical measurement method, unlike the 
electric measurement of admittance. The reason for this is discus.'\Cd in §J.H.2. In the ca~ of 
radial-extensional vibration, another phase shift of n: can occur locally at other than the reso-
nance and amirc.sonance fre(juencies. In this section, new methods of measurement of acoustic 
velocity and Poisson's ratio of the material arc described, by optically measuring of the acoustic 
phase locally. 
The light is incident Oil the sample surface at positions (a) r = 0 of the sample surface ill the 
z-directioll alld (b) r = R, the edge of the sample, in the r-direction. Figures 3.19(a) alld 3.19(b) 
show the frequency characteristics of the phase of acoustic vibration at positions (a) and (h) 
mentioned above, respectively. The range of the frequency in Figs. 3.19(a) and 3.19(b) involves 
the first and the second resonances of the radial-extensional mode the frequencies of which are 
about 0.187 and 0.460 MHz, respectively. Phase shifts of approximately- Jtcan he observed at 
the two resonances in both Fig. 3.19(a) and Fig. 3.19(b). These pha.o;c shifts arc characteristic of 
the sample as a whole. On the other hand, another phase shift of approximately 1t can be ob-
served at 0.348 MHz between the two resonances only in Fig. 3.19(b). This phase shift is a 
localcharacteristicofthesample. 
In order to investigate the local characteristic.~ of the sample, theoretical analysis of the vibra-
tion is necessary. We have expressed the displacement of the radial extensional vibration of a 
thin disk in the r-direction in eqs. (3.4.10), (3.4.11), (3.4.15), and (3.4.16<1). The pole of cocf-
ficientB' in cq.(J.4.15) determines the frequencies of the resonance, which describes character-
istics of the entire sample. That is, the resonance frequencies can he obtained by C(j.(3.4.17). In 
addition, the zero of the Bessel function in cq.(3.4.11) determines the frequencies at which the 
phase of u(r) can change by .rt. Since the Bcsscl function in eq.(3.4.11) is a function of position 




Fig. 3.20. Frequencyctraraclerislt<: or J1(<o11 Riv). ln lhe case olthe 
presentdisksample.lhephaseshifteanoccuratlhelrequencybelween 
lhelirslandthesecondresonaneesde1erminedbyeq.(3.8.1) 
approaches zero and changes the algebraic sign when :c = 3.113; therefore, at the side of disk r = 
R, the present pha.<;e shift can occur at the fre(jucncy determined by 
w,R 
--=3.83. (3.8.1) 
The frequency of this pha.'lC shift can be measured by the incidence and reflection of light on the 
side of the disk sample in the r-direction, and the acoustic velocity 11 can be calculated by using 
eq.(3.8.1). The frequency cannot be measured by the usual electromechanical method described 
in §3.6, because local characteristics of the sample cannot be measured by this method. 
The curve in Fig. 3.20 shows the frequency characteristic of J 1(w,.R!v). In the ca..'lC of the 
present disk sample, the phase shift can occur at the frequency between the fint and the second 
resonances determined by eq.(3.8.J). Substitulion of the eKpcrimental result into C(j.(3.R.l) 
gives 
v= 3.00:.cl0Jrn/s. 
The measurement of v of a disk transducer usually requires the measurement of both the reso-
nance frequency and Poisson's ratio cr, because the resonance frequencies arc determined by 
cq.(3.4.17) including a. On the other hand, the optical method described here docs not require 
the measurement of a. 
Poisson's ratio a can be calculated using the value of v just measured. The value of o can be 
calculated with the following two methods. Fint, eqs. (3.4.16b) and (3.4.17) can be used for the 
calculation. Substitution of the value of v measured by means of the method mentioned above 
and the lint resonance angular frequency into cq.(3.4.16b) gives the value of a = a 1 which satis-
fies cq.(3.4.17). Then, Poisson's ratio a can be calculated using cq.(3.4.17). Scco,nd, since 11 
can be expressed in eq.(3.4.12), substitution of the value of v, p and sH 11 into eq.(3.4.12) gives 
the value of a. The second method is now adopted. Substitution of the value of v and the 
material constants in Table 3.11 into eq.(3.4.12) gives 
a=0.31. 
When a= 0.31, the smallest value of a satisfying cq.(3.4.17), a,, is 2.06 from Table 3.111. The 
value ofa1 = 2.06com:sponds to a frequency 0.187 MHz due to cq.(J.4.16b), which is almost in 
agreement with the first resonance frequency actually measured. This verifies the aa::uracy in 
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Fig. 3.21, (a) Phase difference between the current I and the voltage V 
changes by-;, attlleelectrieresonance. and by f:tal theelec1rican-
hresonaneebeeauseottheirlfluanceollhegenuineelec1riccapacity.(b) 
In the case ol piezoeteclrie transverse ellecl. lhe phase diflerence 
beiW(J(In uand Vchanges by-" at the electrical resonance. 
(c) In the ease ol piezoetectriek>ngitudinal eHect. the phase diHerence 
belweenuand/changesby-nattheeleelriealantir&SO<lance. 
J.8.2 Phase Shift in Electronrechanicul u11d Oprical Mcu~·uremcur 
Using the optical measurement described here, the phase shift of - n c;m he obscn:cU at the 
elc<:tric rcsonnncc frequencies, and the phase shift oftncannot hcohscrvcd;rt the nntiresonnnce 
frcquendcs. The reason for this is cxplnined below. 
The phase difference between mechnnicnl displacement u nnd driving fnrcc F ch:onges by - n 
at the mechanical resonance. This phase shift corresponds to the change of the \"ibwriunal s1a1c 
from stiffness control to inertia control via resisrance controL Jn the electrical mcasurcmcn1 of 
the adminancc, rhe phase difference between curTcnt I and voh:rge V changes hy - nat the elec-
trical resonance, and by + ~at the electrical anriresonance because of the innucnce of the genu-
ine electric capacity,asillusrrated in Fig. 3.2l(a) 
In the case of piezoelectric vibration resulring from the transverse effect, V COITCSpnn.Js to F, 
and the electrical resonance corresponds to the mechnnic~l resonance, as discusscU in §3.5. 
Using the optical method described here, the phase difference between u and V can he measured; 
therefore, the phase shift of- n can he observed atrhe clccrrical resonance, as in Fig. 3.2l(b). 
Since the measurement of u cannot he innuenced by the genuine electric capaciry, I he phase shifr 
oft ncannot be observed at the cleclrical antiresonance, as in Fig. J.:!l(h). 
In I he case of piezoelectric vibrarion resulting from the longitudinal effect, I corresponds 111 F, 
and the electrical antircsonance COITesponds to the mechanical resunance, as discuS$ed in §3.5; 
therefore, the phase difference between u and I can change by - nat the electrical antircson;rncc, 
as in Fig. 3.21(c). On the other hand, the phase difference between I and V can change by- n 
atlhe electrical resonance, and by t 11 at the electrical antircsonancc, as in Fig. 3.21(a); therefore, 
the phase difference between u and V obsc,...·cd by the optic;rl method c;on change by - n at the 
electrical resonance, and cannot change at the eleclrical antircsnnance, as in Fig. 3.21(11), be-
cause of the neutraliU~Iion of the rwo phase shifts- 11 in Fig. 3.2l(c) un<.l t 11 in Fig. J.:!l(u).''J 
§3.9. Summary 
Oprical measurement of the acoustic amplitude anr:l phase of the piezoclc<:tric disk lransducer 
was performed locally. 
Optical measurement of the acouslic amplitude g~ve the values COITesponr:ling to the piezo-
electric constants d and g locally, ev;rlualing the theory of vibration, the clectric~l condition of 
the piezocleclric vibration, and the resulrs of clecrromechnnic;.rl mcasuremcnl. It was found th;.rt 
the electrical equivalent circuit was not c:ffecrive for analysis of the 1/ansducer from a local poinl 
of view, because the vibration ncar the boundary made it more difficult to follow the external 
force: at higher frequency. 
Optical measurement of the acou~tic phase gave rhe acouslic velocity of rhe radial-extension-
al mode and the value of Poisson's ratio, utilizing local characteristics of I he sample. 
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Influence of Resonance Coupling on Measurement 
of Piezoelectric Vibration 
§4.1. Introduction 
In the previous chapter, piezoelectric vibration was evalumcd by electromechanical and opti-
cal methods. These new mcthods for evaluating the piezoelectric transducer were dc~crihcd, 
and the quantities determined b)' the material constants were measured. The disk piezoelectric 
transducerwasuscdasthcsample. 
In our study of piezoelectric transducers, it is important to analyze form as well as material 
constants to determine their characteristics. For example, in the case: of the columnar piezoelec-
tric transducers made of the same material, the characteristics ~ucb as acoustic velocities and the 
resonance frequencies can change if the ratio of the height to the radius of the column is 
changed. The variation of the char<ICteristics is related to the variation of the slate of the me-
chanica! clamp. 
If the ratio of the height to the rndius of the column is quite large or small, the vibration of a 
mode which bas a lower resonance frequency cannot be affected at its rc.wnance frequency by 
the vibration of another mode which has a higher resonance frequency. The vihration is free in 
both directions; however, at the resonance frequency of the latter mode, which is higher than that 
of the fanner, the amplitude of the former vibration is very small, though the amplitude of the 
latter vibration approaches the maximum. In this case, the vibration is clamped in one direction 
and free in the other direction. Because of the mc<:hanical clamp, the acoustic velocity of this 
mode will be higher than thai of the mode with free vibration in both directions. 
If the ratio of the height to the rndius approaches unity, the states of the mechanical clamp of 
the respective modes arc affected by each other, and reach an equilibrium hetwcen free and 
clamped. 
In this chapter, the optical measurement methods described in the previous chapter arc applied 
to columnar piezoelectric transducers with different mtios of height and radius, and the experi-
mental results arc considered from the viewpoint of resonance coupling of the two vibrational 
modcs. 1J,!l The theory of the resonance coupling has long been used for the analysis of the 
variation of resonance frequency when the fonn of the transducer is changcd.1l We apply this 
theory in a unique way using optical measurement 
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Fig. 4.1. Configuration or the samples for the measurement They 
il'lelude circular piezoeladric C80'BITIIC$ or three fOI'ms. The vallHI ol p will 
be defined later ineq.(4.4.6). (a) P= 0.223. (b) P= 1.09. (c) P= 4.37. 
§4.2. Samples for Measurement 
4.2.1 FormsofSamples 
The samples for our measurement nrc piezoelectric ecrJmics of the three types shown in Fig. 
4.1, made of the same material as dcscrih<:d in the previous ch"pter ( PZT matcri;JI "P-7" polar-
ized in the direction of length; z-directinn). The nmin mmcrial constants nrc shown in Tahlc 
3.11. The characteristics of the \ihration in the disk sample illustrated in Fig. -l.l(a) were dis-
cussed in the previous chapter. The light is incident on the sample surface locally ;md rcnected 
in the z-dircction in Fig. 4.1. Silver electrodes are sintcrcd on hoth faces of the sample. Ch;~ng­
ing point of measurement enables us to c\·aluatc the sample Inca II)'· 
4.2.2 Vibrational Theory ofCirc~<lur Umg Rod 
The vibration of the circular long rod sample, as illustrated in Fig. -l.l(c), can be easily ana-
lyzed as in the ease of disk sample, because its mcchaniclll cunditiuns arc c,·ident. In the latter 
case, as discussed in §3.4 and §3.5, for the radial-extensional mode in the piezoelectric tr:~ns­
versc effect (P .... k, k II r-dircction), the mechanical and elcctric;~l conditions were gi,·en hy 




as described in eqs. (3.4.5) and (3.4.6). For the thickncs.~-e.xtensinnal mode in the piezoelectric 
longitudinal effect (P 1/lc, lc If z-dircctinn), the mechanical ;~nd electrical conditions were given 
by 
S,. = S00 = 0, that is, clamped in the r-and 9-dircctinns, (4.2.3) 
aD, 1 az = o, (4.2.4) 
as described ineqs.(3.5.4)and(3.5.5). 
In the case of circular/o11g rml sample, two modes, the length-extensional and the radial-
extensional exist in the z- and r-directions, respectively. However, their mechanical condi-
tions arc different from those of the thin disk sample. 
In the length-exteiiSimrul mode of the circular long rod, the \"ihratinn is caused by the piezo-
electric longitudinal effect (P II k,41/z-dircction), ond the mechanical conditions arc given lly 
T,.=T00 =0, thmis,frccinther-and6-direetions, (4.2.5) 
and the electrical condition is the same as eq.(4.2.4). The fundament:~! piezoelectric rela1ions 
arc given by the g-form as 
S,.= s0 1lT=tg31D,, 





where the mcchaniC3l comlition eq.(4.2.S) has been already inclu<Jcd. The Newton's equation of 





Simuhuncous equations (4.2.6c) nod (4.2.7) in"olving both the electrical condition cq.(4.2.4) and 
thcmechoniC31 boundnrycondition, 








i.~ the acoustic velocity of the mode, and b is gi1·en hy 
b"' w,.,L1(2v). 
When 








the mcchoRiC<JI rcsonoRCC occurs as describell by eqs. (4.2.9b) and (4.2.9c), and the electrical an-
tircsoRanec occurs because of the piezoclo;:ctrie longitudinal effect, as discusscll in §3.5. 
In the nuliul-cxfell.\'ionul mode of the circular long rod, the vibration is caused by the piezo-
electric transverse effect (P ... A, A II r-liirection), and the mechanical conditions arc gi1·cn by 
s= = 0, thot is, clamped in the z-dircction, (4.2.13) 
and the elcelrical conllilion is the same as cq.(4.2.2). The fun<Jamcntal piezoelectric relations 
an:: given by the e-fonn as 
T .. = cE 11S,.+cF. 1~00 -e31 E,, (4.:!.\4a) 
T00 = cE 1~,.+cE11S00 -e31 E,, (4.:!.14b) 
T., = cE1yS",. +cF.1r5"00 -e33E,, (4.:!.14c) 
where the mechanical condition cq.(4.2.13) has been already incorporated. The Newton's equa-
tion of motion is given by 
ii"Zu, CIT, T,.-T00 
p-=-+--, 
illl iJr r 
(4.:!.\5) 
Simultaneous equations (4.2.14a), (4.2.\4b) and (4.2.\5) involving both the electrical condition 
eq.(4.2.2)andthe mechanical boundary condition, 
T,.=O at r= R, 
arc solved as 
where 
where 












The mechanical resonance angular frequencies w .... = a.viR (n = 1,2,3,-··) can be obtained by 
(4.2.20) 





Fig. 4.2. Frequency characteris1ie olthe admi11anee in the thick rod 
sampleillustratedinFig.4.1{b). 
§4.3. Measurement ord' andg' 
4.3.1 Measuremem for Di.tlr. Sample 
The resulls of !he electromceh~nie~l me~surcmen! of !he o.Jisk ~ample (illus!ru!c<.l in Fig. 
4.1(a)) were shown in Fig. 3.6. Op!ical mcasuremen! of !he m<.lial-e~lcnsilm<~l nm<.le wa.~ car-
ried out locally ncar !he first and lowes! resonance frequency (ltlxJut 0.19 MHz) ;~n<.l of the thick-
ncss-cx!cnsional mode ncar the firSI anlircsonuncc frequency. The frequency of the Iauer 
(about 1.3 MHz) is much higher than lhc former. 
In lhc former case, lhc ,·ibration w~s caused by !he piezoelectric lr;msvcrsc effect, an<.l lhc 
value oi S IE was adop!cd ~s the fund~mental quunlily. Figure 3.\11 showc<.l spati;tl <.li~lrihulion 
of the maximum value of SJE,, the Q-value, and !he value of d'.u caleul;tlc<.l hy cq.(3.7.7) to-
gcther with the value nf•/n shown in Table 3.11. 
In lbc Iauer case, tbe ,·ibration was cause<.l by the piczocleclric lungiludin;•l effect, an<.l the 
value of SID was adopted as tbc fun<.lamcnlal quantity. Figure 3.17 showed spatial <.listrihutiun 
of the maximum value of SJD1, the Q-,·a]uc, an<.l the value of Jfn culculate,J by cq.(J.7.9) to-
gether with the value of g 11 shown in Table 3.11. The inOuence oftbe lxJund:~ry ufthe sample on 
the measurcmen! of g' wa.~ seen 10 be s!ronger tban that of,/', because the reson<~nce frequency uf 
the disk sample's tbickness-extensionul mo<..le was much higher than its w<.lial-e~lcn~iun;ol mo<..lc. 
4.3.2 Measurenrtmt for Thirlr. Rod Sitnrple 
In the rhid. rod sample illuslrate<.l in Fig. 4.1(b), the «:soli oflhe clcclmmcehunical mca.~ure­
mcnt, the frequency eharaelerislie of the adminanee, is shown in Fig. 4.2. Similar op!icul 
measu«:mcnls a«: pcrforme<.l for lhe length- and lhe radi;tl-exlcnsion;~l modes of this sumple. 
The resonance frequency of lhc former (abuul 0.12 MHz) is lower !h;m thm of the la11er {alxJul 
0.175 MHz); and lhc former being due 10 the piezoelectric lungilu<.linal crfcct, and the la11cr ,Juc 
to the piczocleclrie lwnsversc effect. Therefore, we ndopt the S I D ;~s lhc fun<.l~rncntnl •·nlue 
for the former case, and the S IE fur the Iauer ca.~c. The light for the mc..surcmcnt is inciden! 
on the sample surface at positions (a) r- Oand {b)r"'" 0.9R in the z-dircctiun. 
The S/D1(max.), Q-value andg'JJ fur the former case, and the .'i"/E,(max.), Q-value andJ'11 
for the Iauer case arc shown in Figs. 4.3(a) and 4.3(b), respecth·ely. Fur lhc former <~nlircso­
nancc, at position (a) r- 0, S1/D,(max.) = 4.02 V·m/N and Q = :!30 give g'n = ].75>< w·l 
V·m/N, which is 79.5% of I he value of Kn• and al position (b) r .. 0.9R, S/D.(mall".) = 
3.08><10-1 V·m/N an<..l Q = :!39 give g'31 = \.29><10"' V·m/N, which is 5.86% of the value of g 31 • 
For the !alter resonance, al position (a) r- 0, S/E1(max.) =:!.59 ><10·9 m/V and Q = f>3.7 give 









Fig, 4.3. (a) Spatial distribution of tho Sj03(max.), 0-vatue and g':l:l 
measU<edatlh&firstre$01lantGeausedbylhelength-axlensionalmoda 
inthethickrodsampleillustratedinFig.4.1(b). fb) Spatialdistribu1ioool 
the SJE3(max.), Q-value and d'.D measured altha second resonance 




SJEJ(max.)"' 4.59xl0-9 m/V and Q = 93.4 give d'31 = 4.91x 10" 11 m/V, which is 12.0% of !he 
value ofdn. In each case, the ,·alucs of /:'11 :mdd'n arc much smaller !han those of g 11 and d31 , 
~eSpCctively. One of the reasons for these resulls may be the innuencc of the resonance cou-
pling of the two modes. This will be discussed Mer using !he theory of coupled resonance in 
tile contexl ofmeasuringd'andg'. 
With regard to the former resonance, in which S 1 D is adopted as !he fundamental value, the 
resonance curve of 5 1 I £.1 cannot be ploucU ncar the resonance at posilion (a) r"" n; lhcrdorc, 
the value of d'11 cannol be measured. However, the resonance curve of 53 I £ 1 can be ploned at 
position (b) r- 0.9R; lhercfore, the value ofd'n can be measure(] to be 1.12><10"10 m/V, which 
is 27% of the value of d31 • For the Iauer resonance, in which Sf E. is adopled as the funtlamcnml 
value, the resonance curve of S3 1 D1 c.annm be plotted ncar 1he antireson;•ncc at position (a) r "'" 
0; therefore, the value of g'11 c.annol be mea.~ured. However, the resonance curve uf ·\I D, can 
be ploued at position (b) r- 0.9R; !hercfore, the ,·aluc of g'n c;,n he measurcU as 1.14x1W2 
V·m!N, which is 52% of !he value of g 31 . For the thick rud sample, the clccuical condition 
holding E or D constant is corrccl a! the center of !he z-planc, but seems to bc unclc;1r ncar !he 
edge of the sample. This change of electrical condition will be discuMcd later. 
4.3.3 MeDSurement for Long Rnd Sample 
For the long rod sample illustrated in Fig. 4.1(e), the ~~:sui! of the electromechanical meas-
urement is shown in Fig. 4.4. A similar oplical measurement is also made only for the length-
extensional mode ncar the lowest resonance frequency of !he sample. In spite of !he presence of 
the piezoelectric longitudinal cffecl, the resonance curve of SJE.3 can he plonctl; lhus, the value 
of d'33 can be mea.~ured. The SJE/max.), Q-value and d'arc shown in Fig. 4.5. At position 
(a) r- 0, S/E1(max.)"' 1.78 ><10" 8 miV and Q = 4(J.9 gived'11 = 3.110><10" 10 m/V, which is 
92.6% of the value of dn, and at posilion (b) r- 0.9R, 5/E./max.) = 2.11><10"8 m/V and Q = 
54.2 give d'11 = 3.89xi0-10 mN, which is 95.0% oflhe value of dll" Frum the resonance curve 
of SfD3, at position (a) r .. 0, SiD/max.) = 4.87 V·m/N and Q = 241 gi,·c g'll"' 2Jl2>< 10"2 
V·mJN, which is 91.8% of the value ofgw The d' and g' are nearly in agreement with d and g, 
rcspcclivcly, in the case of the long rod sample. However, at position (b) r "'"0.9R, the reso-
nance curve ofS,fD1 cannot be plotted; therefore, the value of g')) cannot be mca.~ured. 
The electrical condition holding D orE constant depends on whether !he depolarizing electric 
field E "' -Pit0 exists or no!. The depolarizing lielU depends on the form of 1hc column and is 
~presented as 














Fig. 4.5. Spatial distribution of the SJE3(max.), 0-value and d~ 
measured at the first resonance caused by the length-extensional mode 
in tho long rod s.ampleilluslraled inFig.4.t(c). The abscissa is distance 





N= I for the infinitely thin disk, 
N = 0 for the infinitely long rod, 
and is expected to be different locally at position r when 0 < N < 1. At the edge of the sample, 
thc depolarizing field is expected to be smaller than that at the centcr of thc samplc. For the 
long rod sample illustrated in Fig. 4.1(c), the ~·aluc of N in cq.(4.3.1) is much less than unity cvcn 
at the center of the sample; therefore, the electrical condition holding D constant is not satisficd 
and the value of d' can be measured at this position. At the edge of the sample, the value of N is 
less than at thc center of thc samplc and the clcctrical condition holding D constant is not correct 
sothatthcvalucofg'cannotbemcasurcd. 
§4.4. Influence or Resonance Coupling 
4.4.1 Concept of Reso/Ulnce Coupling 
The influcncc of resonance coupling on the mcasuremcnt of d' and g' will now be discussed 
relativc to thc inductively coupled circuit illustrated in Fig. 4.6(a). The inductivcly coupled 
circuit is eKplaincd briefly below. The re.<;anancc angular frequencies w1 and m2 of the circuit 
with the coupling are given by 
where 
w 2 w 2-w,o2 + w.II/:!: ( ( wtoz + mw2 )z- 4oLta2oLwZC I -l]z) tLn 








and thc subscript I and 2 denotc lowcr and hig.hcr frequencies, rcspcctivcly; that is, 0112 s w/, 
and m102 s w'II!2. The quantity lJ is called a coupling coefficient in thc rcsonance coupling. 
An analogy between electrical and mechanical vibration is applied below. In the case: of the 
columnar piezoelectric transducer, the resonance angular frequencies without the rcsonancc 
coupling are given by 
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R1 R2 
Fog. 4.6 [alAn onduclovelycoupiOO circu1l Bolh two coupling circuols 
have ideal, ondepondenlandlreo vobration_ (b) Acapacolivelycoupled 
. 
oo,t = (ps~u)'fiL ' (4.4.3) 
(4A..t) 
where w,t and w,~ correspond to the resonance frequencies of the /l:llj:th-extt•nsimwl mode in 
the long rod given by cqs. (4.2.10) to(4.2.12) ami that of the ra(/ial-cxt!'>lsimtal mode in the thin 
disk g.ivcn by cqs. (3.4.12) and (3.4.16b), rcspceli,·cly, and Land R arc the length in the z-dircc-
tion and the radius of the culumn, rcspccti,·cly. The matcri;ll of the translluccr is now assumed 
to be isotropic. For this rCLJson, the clastic constants,, is used instcall of '"n in Cl.j-(4.2.10). In 
addition, with regard to w,L' 1hc clastic constant sh is used instead of s~'. This mc~ns ibm rhc 
rwo resonances arc studied based upon 1hc same assumption !hat E is const~nt The vibration of 
both the length-extensional mode in the long rod and the radial-extensional mm.lc in the thin 
disk arc free in both r- and z-directions. These two modes nrc coupled inductively us in Fig. 
4.6(a), and the resonance angular fret~uencies 111 1 and w1 ~rc given hy 
2 2 w,t_z-tw,Mz:!:{(w,~.z-tm,ul)1-4w,L1w,Rl(l-TJ1)ftn 
Wz,Wt = 2( 1-l]l) ' 
as ineq.(4.4.1). 
The parameter p is defined by 
w!R La1 p=-=---, 
w,~. nR( 1-d)uz 
(4.4.5) 
(4.4l>) 
which is the ratio of the two angular frct~uencies wirhout the coupling. The values of p of the 
samples illustrated in Figs. 4.1(~). 4.l(b) and 4.l(c) arc 0.223, 1.09 and 4.37, respectively. 
Whcnp <<I, which is the case of the thin disk of R >> L, the two resonance angular fret~uen­
des are calcul;~ted according to eq.(4.4.5) as 
w12 =w,a2, and w 21 =w,L2 /(I-TJ2 ), (4.4.7) 
where the former corresponds to the resonance frequency of the radial-extensional mode in the 
thin disk, as expressed in eq.(4.4.4), and the latter corresponds to that of the thickness-exten-
sional mode on the same sample, which is ( I - l]2)"1 times as large as the value nf o•,~.2 . The 
former vibration is free in both r-and z-directiuns. In contrast, the latter vibration is free in the 
z-dircction but clamped in the r-dircction. Multiplication by the factor ( I - l]2)" 1 represents 
the increase of the acoustic ,·clocity due tu the existence of the mechanical clamp. 
Whcnp >>I, which is the case of the lung rud of R << L, the two resonance angular frcquen-





wllcre the former corresponds to the resonance frequency of the lcngtli-eK!cnsional mode in !lie 
long rod, as cKpressed in eq.(4.4.3), and the Iauer corresponds to Ilia! of the radial-eKtcnsional 
mode on the same sample. The former vibration is free in two directions, while the Iauer vibra-
lion is free in the r-dircction, but damped in the z-dircction. 
The relationship between the resonance frequencies and the value of p is illustrated in Fig. 
4.7. Wlienp =I, the two resonance angular frequencies arc calculated as 
and the resonance coupling significantly innucnccs the resonance frequencies. 
The capac:itively coupled circuit illustrated in Fig. 4.6(b) has resonance angular frequencies 
oo1 and oo2 which are given by 
where 
oo' 102 = ( C1 + Cm )/( L1C1C,. ), 
oo',6/=(C2 t Cm)/(L2CFml• 





Comparing cqs.(4.4.1) and (4.4.10), the inductively and the capacitively coupled circuits arc 
equivalent, conditioned upon 




Multiplication by ( I - l] 2 t' represents the effect of the mechanical clamp in one direction as 
discussed above; therefore, the two vibrational modes which arc free in one direction, but 
clamped in the other direction arc coupled in the capacitivcly coupled circuit. In the case of the 
columnar sample, the length mode for L << Rand the radius mode for R << L are coupled. In 
the inductively coupled circuit, the length mode for L >> R and the radius mode for R >> L arc 
also coupled. 
With regard to the measurement of d' and g', the pieloclectric constants d and g must be 
measured in a stress-free state, considering the fundamental piezoelectric relations of d- and g-
fonn. Hence, only the inductively coupled circuit is appropriate for the discussion regarding 
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the influence of the resonance ooupling on tile mcasun:ment of d' and g'. 
The coupled coefficient 1J in the resonance coupling has the following n:lation to Poisson's 
ratio or material. The resonance angular frequency of the thickness-extensional mode in the 
thin disk, Clll'f' is given by 
based on holding E as constant and the material being isotropic. 
cq.(4.4.3) and (4.4.7), Clll'f is given by 
•' 
(l)fl"l:Pf\(J-1)2)/}. 
Comparing eq.(4.4.13) with cq.(4.4.14), we can obtain 
1)2 :2o2/( 1-o). 
(4.4.13) 
On the other hand, from 
(4.4.14) 
(4.4.15) 
Therefon:, the coupling of the two vibrational modes is caused by the existence of Poisson's 
ratio. 
4.4.2 Results ofColcu/iJtion 
The constants of the circuit illustrated in Fig. 4.6(a) can be determined by the methods de-
scribed in this subsection. The angular fn:quencics w,L and w111 an: determined for the present 
sample using cqs. (4.4.3) and (4.4.4), and smaller and larger ones are renamed w10 and w20, 
respectively. The sclf-inductanccsL 1 and L2 arc given appropriately, for example, L1 = Ll = 
100 mH. The capacitances C1 and C2 arc determined by cqs. (4.4.2a) and (4.4.2b), and the 
mutual inductance Miscalculated using cqs. (4.4.2c) and (4.4.15). The resistance R1 and Rl arc 
determined by 
(4.4.16) 
where Q, and Q1, which are the Q-valuc of the respective modes, arc given appropriately, for 
example, Q1 = 70, and Q2 = 120, which arc based on the actual measurement. 
The cunents at a frequency w_.. in the left and right sides of Fig. 4.6(a), i1 and i2, arc ex-
pressed as i 1=jw_..q1 and i2=jw_..q,, respectively. The subscripts I and 2 denote lower and higher 
frequencies, respectively, as mentioned above, and the cuncnt i and the charge q eoncspond to 
the velocity and the displacement of vibration, respectively, because of the analogy between mc-
cllanical and electrical vibration. That is, q1 and q2equal the averngc displacement of the reso-
0 1st. 2nd. 
Res. Res. 
FREQUENCY(arb unit) 
Fig. 4.8 Typicalrosultsol lhecaleulillionollhefrequencycharacteris-
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Fig 4.9. The solid and the dashed lines show lhedependenoool C'11 
c, and C'21 c2 on lhe parameter p. respectively. 
" 
nator for the modes which ha.-e lower and higher resonance frequencies. respectively, ~s indiC<Jt-
ed in the discussion below. The charges q1 andq2 CJn be e.~presscd us 
q, = m2,.,L2- l!C2 - JID,.,R2F 
(dct) 
q2 =:;~t7F, 
where F is the driving forti: shown in Fig. 4.6(a), ami 
(4.4.17) 
(4.4.1R) 
(dct) = { w,., 4 (!lfl- L1L2) + w,.,2 (L21C1 +L11C2 + R1R2)- 1/( C1C2 ) f 
+ j { w,.,l(R1L2 + R.J- 1) -w,.,(R1/C1 +R1/C1) J. (4.4.19) 
The frequency characteristics of q 1 an<:l q2 C<Jn bc C<Jicul~tcd for the samples. Typical results 
of the calculation of the frequency characteristics of q1 and q 2 are shown in the solid <.~ml dashed 
lines in Fig. 4.8, respectively. Both resonance curves have two pc:;~ks. From the pc:ak of q1 at 
lower resonance frequency, the maximum value and the Q-valuc cron be ohtaincd, and the ratio 
of them is defined as C'1F; thm is, 
C'F~ q1 (atw1 ) 
1 Q(atw1) ' 
(4.4.20) 
similar to eqs. (3.7.7) and (3.7.9). 
This C\F corresponds to the low frequency limit of q1 wirh reson;~ncc coupling. The value 
of C'1F is compared with that of C/, which is the de value of q 1 without cnupling. From the 
peak of q2 at the higher resonance frequency, the maximum value and the Q-v;1luc c;1n bc oh-
tained, and their ratio is defined as C'.f; that is, 
A comparison is made bo::twecn C'{ and C.f. The solid and dashed lines in Fig. 4.9 show the 
<:lcpcndence of C'1!C1 an<:l C'2!C2 on parameter p, respectively. It is found that C\- C1 when 
p2 << I or p1 >> I and that C'1 < C1 when p "' I in Fig. 4.9. This means that in the me;~surc­
ment of lower frequency resonance d''"' d and/or g' '"'g for samples such as those in Fig. 4.1(a) 
or4.l(c), with free vibration in both L-and R-directions, and that tl' < d andg' <g for a sample 
such as that in Fig. 4.l(b). Moreover, it is found that C'1 < C2 regardless of the value of p. 
This means, in the measurement of higher frequency resonanti:, that II'< II and g' < g bo::cause of 
a mechanical clamp in one direction that results from the coupling. 
4.4.3 Comparison between Cu/culurion and Experiment 
In this subsection, we shall compare the results of our calculations with our experiment's find-
ings. The experimental results in §3.7 and §4.3 showed that the value ofd' andg'derivcd by the 
optical method had local difference, that is, spatial distribudon. On the other hand, the results of 
calculation in §4.4.2 were obtained using the electrical equivalent circuit which includes the 
characteristics ofthc sample as a whole. Therefore, for the tomparison between the two results, 
the experimental resultsareaveragedspatiallyby 
<4'>= J d'(r)dr/R, (4.4.22) 
<g'> = J g'(r) 21udr I (JtR1), (4.4.23) 
where the notation"<>" indicates the spatial average, d'(r) and g'(r) arc the function of position 
r, and assumed to be quadmtic, becauscd'(r) andg'(r) arc symmetric onr = 0, and dd'(r) I dr and 
dg'(r) I dr are zero at r = 0. Since the electric field E and the electric flux density Dare the 
intensive and the extensive variables, and these correspond to "tension" and "flow", respectively, 
the integration of d'(r) and g'(r) which are calculated from S IE and SID is represented as eqs. 
(4.4.22)and(4.4.23), respectively. 
In the case of the thin disk, illustmtcd in Fig. 4.l(a). whose parnmcter pis 0.223, the results of 
the calculation arc 
C'1 I C 1 = 0.985, 
C'11 C1 = o.539. 
(4.4.24) 
(4.4.25) 
On the other hand, the avemging of the experimental results, which were shown in Figs. 3.10 and 
3.17, using eqs. (4.4.22) and (4.4.23) gives 
<d'JJ>Idll = 0.883, 
<g'll>lgll = 0.91Xl. 
In addition, the value of d'l1 was 




as measured in §3.7.\. The measurement ofd'll andd'31 was perfonncd at the radia\-ntension-
al mode, and that of g'n at the thickness-extensional mode. The resonance frcqueoey of the 
>00 
former is lower than that of the Iauer. Therefore, <d'> 1 d nd <g'> I g correspond to C'11 C 1 
and C'21C2, respectively. We find thai both C'1 1 C1 and <d'> 1 d arc almost in agreement with 
unity in eqs. (4.4.24), (4.4.26) and (4.4.28) and that the resonance coupling hardly influences the 
rcsuhs of <d'>; thai is to say, the evaluation of the marerial constanrs can he pcrfonned with 
linlc influence from the vibrcuional mode. On the mher hand, the value of <g'11> is not in 
agreement with that of C'2 1 C2. The reason can be explained as follows. Though the calcula-
tion ofC'21C2 is based on all the characteristics of the sample, the measurement of g' is per-
fonned only in the :-direction. Since the amplitude of the vibration in this mode is very small 
in the r-direction, the average of g' not only on the z-planc but also in the r-direction must l:>c 
smaller than the value given in eq.(4.4.27). Therefore, the average of g' from the entire sample 
must approximate the value ofC'2 IC2. 
In the case of the thick rod sample, illustrated in Fig. 4.l(b), whose parameter p is l.OR6, the 
results of the calculation arc 
C'1 I C 1 = 0.578, 
C'2 1C2 =0.531. 
(4.4.29) 
(4.4.30) 
The averaging of the experimental results, which were shown in Figs. 4.3(a) and 4.J(b), give.~ 
<g'll>lgll = 0.427, 
<d\1> I d31 = 0.106, 
(4.4.31) 
(4.4.32) 
respectively. The resonance frequency of the mode whkh gives d'11 in cq.(4.4.32) is higher than 
that of the mode which givcsg'11 in cq.(4.4.31); therefore, <g'> lg and <d'> I d correspond to C'1 
IC1 and C'2 1C2, respectively. In both cases, the measurement of g'andd' is influenced strongly 
by resonance coupling, and the evaluation of tile marerial con.stantf cannot be pcrfonned. The 
considerable difference of the values in eq.(4.4.30) and eq.(4.4.32) stems from the same cause as 
the difference in values of g'11 / Gn and C'2 / C1 in the lhin disk sample. The mode in the thick 
rod used for !he calculation of d'11 is radial-extensional, and the amplitude in the r-dircction is 
large at the resonance, bu1the mechanical clamp exists in the :-direction, because the resonance 
frequency of this mode is higher than thai of the length-extensional mode in the z-direclion. 
The average of d' not only in the z-direction but also in the r-direction must be larger than !he 
value given in eq.(4.4.32). 
In the case of the long rod sample, illustrated in Fig. 4.1(c), whose parameter pis 4.375, the 
resultsofthecalculationarc: 
C'11C1 =0.987, 







Fig. 4.10. Piezoelectric d1cular sample lor the optical measurement or 
theacouslicvelocilyinlheradiai-9!Ciensionalmode. 
andlhee:tperimenlal resuhsare 
<d'))'> ld,, = 0.938, (4.4.35) 
which is based on the rcsuhs in Fig. 4.5, and 
s',, 1 g3) = o.918, (4.4.36) 
at the center oflhe sample, r = 0. We can consider lhm lhe value of d' I d ami g' I g is almosl 
unily and in agreement wilh lhal of C'1 1 C1• Therefore, 1he evalualion of lhe material constants 
can be performed in lhe length-extensional mode in the long rod sample without any effects 
from resonance coupling, excepl that this measurement is influenced by the decrease of lhe 
depolarizing field, and therefore, by the change of the ele"ric:al condition of piezoelectric vibra-
lion holding thai E = 0 or D =0. 
§4.5. Measurement or Acoustic Velocity for Fonns Olher than Thin Disk 
In §3.8, il was explained that the ph.asc of acoustic vibration wa.~ measured optically, and the 
methods of measuring acouslic velocity and Poisson's ratio were applied to the disk sample illus-
trated in Fig. 3.1 (Fig. 4.1(a) ). Application oflhcsc methods 10 circular samples whose furms 
arc: not thin disk is discussed in this section. Sin~ cq.(3.4.11), which exprC.'ISCS the displa~­
ment of radial-eKtensional vibration, is also valid for forms other than thin disk, eq.(3.1U) can 
be used for the calculation ofv. However, the calculation of oby using the value ofv is impos-
sible, because cqs.(3.4.12), (3.4.15) and (3.4.17) arc not valid for forms other than thin disk. 
Moreover, phase shift frequency determined by eq.(3.8.1) moves to lhe higher r.~nge where many 
confusing resonances can exist. Accordingly, lhis mea.~urcment is more difficuh than 1hin disk 
measurement. However, the phase shift determined by cq.(3.8.1) can be distinguished from the 
phase shifts due to resonances, because I) when the light is incident in the z-direction, the phase 
shift of cq.(3.8.1) cannot occur a1 the same frequency as it can at position r = R when the light is 
incident in the r-dircction, and 2) when some capacitance is connected in series with the piczo-
e]eclric sample, the resonance frequency can change. As a result, the phase shift due to reso-
nance can change, but the phaseshifl ofcq.(3.8.1) is not so likely to change. 
With samples illustrated in Figs. 4.10 and 4.l(c), the measurement of vis performed. The 
sample illustrated in Fig. 4.10 is lhe same as the samples illustrated in Figs.4.1 (a), 4.\(b) and 
4.\(e), except for the shape. For this sample, 1hc frequency of lhe phase shift de!ermincd by 
cq.(3.8.1) is observed to be 0.604 MHz, which gives 
v= 3.15><101 m/S. 
For the sample illustr.~tcd in Fig. 4.\(c), the frequency observed was 1.597 MHz, which gives 
v = 4.01xl0l m/s. 
The mechanical clamp increases the acoustic velocity. 
§4.6 Summary 
The optical measurement method described in the previous chapter was applied to circular 
samples whose fonns were not of the thin disk type. 
For the thick rod sample, d'andg', the optically measured values corresponding to the mate-
rial constants d andg, respectively, were much smaller than the ulucs of the material constants. 
On the other hand, for the long rod sample, they were nearly in agr«ment with the material con-
stants. However, the electrical condition of the piezoelcetrie vibration was not satisfied, cspe-
eiallyatthecdgeofthesample. 
The theory of resonance coupling was applied to the problem of measuring d' and g'. It was 
found that the thin disk and long rod samples were appropriate for the measurement of the mate-
rial constants; that is, d'"' d andg' "'g, when the lowest resonance was used for the measure-
The acoustic velocity of the radial-extensional mode was also measured optically; however, 
Poisson's ratio could not be measured for samples whose forms were not of the thin disk type. 
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Chapter 5 
Influence of Photorefractive Effect on Piezoelectric Vibration 
§5.1. lnlroduclion 
In pro:•·ious ch~pters we ha\"e investig;otetl the new mc;o~urcmcnt methods of the piezoelectric 
transtluccr based upon the internction between the <Oetoustic w:wc in :mduptical wa\"c incio.lcm on 
!he S:Jmplc. Frnm n crystnllographic point of ,·icw, the crystal with the piezoelectric effect is 
possihlc to cxhihit the Pockcls effect- an clcctrooptic effect uf the fin;t nro.lcr, in which the 
refractive index of the crystal is ch;onged b)· electric field. Tr;onsp<~rcnl ur semitw11sp:orem 
piezoelectric cryst:o]s in which optical w~1·es can propag;lle ~rc usc(] for the electruuptic ;opplic;o-
tions. Another objective of this thesis is to discover and examine a new phenomenon intlue<:d 
by coherent optical waves in a scmitr<~nsparent piezoelectric transducer. We p;oy allcntiun tu the 
photorcfractive (PRJ effect for this purpose. 
The PR effect is !he phenomenon in which the refr;octhe index uf an clcctrnoptic cryst;ol 
varies according to the incident<: of visible noys. 11 Interference of two coherent optical waves 
yields fringes, that is, the space-periodic 1·ariation of the intensity of the light, which c:ouse exci-
tation of C<ITTicrs. The excited carriers arc lransferrcd in the crys!<~l by diffusion :md drift, furm-
ing a spae<:-pcriodic charge distribolion. The '""riation of !he refractive index is caused by an 
inlernal electric field created from the charge distribution through the Puckcls effect. In this 
way, gmtingof the refr~ctivc intlcx is caused in the crystal. The tliffr~ction "ntl the apparent 
amplification of light can occur in the Ci)"StJl due to !hi~ refr<~ctive grating. 
Applicalions of the effect to hologmphy and optical processing h:wc been developed in 
reccnl years. 2~31 An application 10 ncoustics hus also been developed by which an acoustic 
wave is filtered by the periodic varimion of the acoustic velocity that is C<Ouscd by the pcri11dic 
intemalelectricfield.'l 
In this chapter, we describe the influence of the PR effect on acoustic vihralion, especially 
piczoelcclric vibration, from a new point of view. A piezodecuic resonator made of LiNbOJ:Fe 
with PR grating is examined as the sample. We view clectromech<~nic<~l ch:w..!Cieristics ncar the 
resonance frequencies of the modes of vibration.~) The cxpcrimcntul results an: explained by a 






Fig. 5.1. Two optical waves nixed in the crystal. 
Table 5.1. Elastic and piezoelactric(elactrooplic) and dielectric tensors in 
crystallographicpointgroupol3m. 
1 2 3 4 5 6 
ll:---! I~·: l 3 - •...
i ~= 
The notation "•" means (c,- c,2) /2or 2(s,.- s12), and C;=c,. s1 = s1. 
The • o--4' • means the converse algebraic sign and the same absolute 
value. The"®"hasthevalueols1whichistwiceaslargeasthatol"e" 




l [ ;,_.· ~~-
' -
The"@" has tho value ot d1 which is 1-2) times as large as that of "•" 
eonn&ctedbythehne,andhaslhevalueote,,whicttis (-1) times as 
largeasthatol"e"connecledbytheline. 
Table5.1.(conl'd) 
' 2 l[ ~ 
' .. 






e33 (C/m2) 1.33 
d 15 (10""C!NJ 6.92 
d22(10"" C/N) 2.08 
d30 (IO""CJNJ -0.085 
d33(10""CJNJ 0.60 
Pyroeleclricily(I0"5 C/(K·m2)) 
rf 11 (10 11 N/m2) 
rf 12 (10 11 N/m2) 
rf,3 (10"Nim2) 
rf 14 (10 11 N/m2) 
rf33 (10"Nim2) 
rf44 (1011 N/m2) 
rfi'A(I011 N/m2) 
tf,(10"' 2 nl'/NJ 
ff,2 (10"'2 m2/N) 
!!,3 (10" 12 m2/N) 
tf,.(10"12 m2/NJ 
!!33 (10"' 2 m2/NJ 
ff .. ti0"12 m2/NJ 
tfi'A(10"' 2 m2/N) 
SponlaneousPolarizalion(C/mt) 
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§5..2. Fonnatlon of Photonfractive Grating 
5.2.1 PhotorefnJCiive E/ferl 
TWo oplical waves arc incil.lcnt and a~e mixcll in the crystal, as illustrated in Fig. 5.1. The 
electric field of two optical waves mixed in the crystal at position r = (.r, y, z) is expressed as 
(5.2.1) 
where A, and .t, arc the amplitude and the wavenumber vector of the light field before mixing, 
respectively. If the two optical wa•·cs arc eoherem, they can interfere and the space-periodic 
variation of the intensity, which is the time a•·erage of the square of the two fields, can be caused 
in the crystal as 
l(r) = I A /r) I 2 + I Air) I 2 + 2 y Rc {.~ 1 (r}~z"(r) ) cos(K·r) , (5.2.2) 
where the visibility y""' I, the polarization states of the two waves arc assumed to be the same, 
and the wavenumber vec10r K of the fringes in the crystal is gi•·en by 
(5.2.3) 
where A is the wavden~tb of the frin~es in the crystal. The incidem angle e., inside the crystal 
ha.~ relation to th:ll outside rhe crys1:11, 8 in Fig. 5.\, as 
(5.2.4) 





where A ani.! nc arc the wavclengrh of the light in a Vllcuum and the refractive index of the light, 
respectively. The v~lue of nl. depends on>.. and the polarization stale of the ligb1. The inrcnsi-
ty-modulation index m is defined as 
2Re{A 1(r}~ 2 '(r)) = 2(1/J'fl ' 
I A, 12 + 1·~21 2 ,, +12 
(5.2.6) 
where I, is the intensity of the light before mixing. 
The phmorcfracrivc (PR) effect occurs re;~dily in an elcctrooptic crystal doped wirh impurity 
atoms. In this stu(.[y, liNh01:Fc, lithium niobatc ~loped with 0.09 mol% Fe, is used as a sample. 
The CI)'Stallographic point group of the material is Jm, whose fo1ms of dasric, piezoclccrric or 
elcctrooptic, and dielectric tensors arc shown in Table 5.1. The m;~in material consrants arc 
shown in Table 5.11. The LiNbOl:Fc is appropriate for storing the PR graring recorded optical-
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F~g. 5.3. Formation of lhe photorelraetive gra~ng. (a) Space-periodic 
lightinlensity. (b)Space-periodicchargedislribution. (c) Space-period-




The formation of the PR grating is explained below.6l The band structure of LiNb01:Fc is 
illustrated in Fig. 5.2. 
1) Electrons arc excited at points of higher light intensity, from the impurity level of Fe2' ion 
to the conduction band. The light panem is illustrated in Fig. 5.3(a). The density concentration 
of Fe2' and the elccuons in the conduction band arc represented by N0 - N0 ' andN;, respective-
ly. The Fc2' ion is oxidized and becomes a FeJo ion after excitation. 
2) The electrons in the conduction band arc transferred to a region of lower intensity due to 
drift and diffusion. The current density J of the electrons is 
J = !J.tN,-Eio + eDVN,- = J!eN,-E10 +knT!J.VN;, 
drift diffusion 
(5.2.7) 
where 1-1 [rn2/(V·s)], e (CJ, E10 [V/rn] D [m2/s], k0 [J/K] and T[K] arc the mobility, the elemen-
tary electric charge, the de or low frequency electric field in the crystal, the diffusion constant, 
the Boltzmann constant, and the absolute temperature, respectively. In cq.(5.2.7), the Einstein 
relation eD = k8T!J. is used. The electrons arc q~pturcd by the impuri1y level of Fc1', the density 
concentration of which is represented by N0'. The Fch ion is reduced and becomes a Fc2• ion 
after the recombination. The rate equation for the density of the donor atom, Fe, is expressed as 
(5.2.8) 
excitation recombination 
where flu, y0 , h, v arc the absorption cross section of Fe2', the recombination coefficient of an 
electron with Fc1', Planck's constant, and the frequency of the light, respectively. The current 
continuity relation is 
V·J= -e ~Nu' -N;)/<lr. (5.2.9) 
3) The charge distribution forms the electric field in the crystal, Ea, according to Poisson's 
equation as 
(5.2.\0) 
where N,.,- is the density concentration of acccp1or atoms which arc occupied by electrons at all 
timestocnsurcthcbalanccofchargc in tile crystal; that is, 
where the notation < > means the spatial average in the direction of K vector. Ea, N0 • and N; 
in the crystal Qln be expressed as 
(5.2.12a) 
N0 ' =N00' +N111 'cxp(iK·r)tc.c., 
N,- =N<Il- tN,1' exp{jK·r) +c.c., 
(5.2.12h) 
(5.2.12c) 
The distributions of the charge dcnsily Nn'- N,- N,," and the elccuic field ES<. arc il\ustwted in 
Figs.5.3(b)and5.3(c),respectivc\y. 
4) The variation of the rcfrnclive index due 10 Pockcls effccl can he expressed as 
t.(llc·\=r~tEiot' (5.2.13) 
where '~• is the eleetrooplic cons1an1. From e<.j.(5.2.13), we can derive 
Mcs-(JI2)n<T/r,11 Esc, (5.2.14) 
where '.rr depends on lhc cryslal orienlation, the direction of ESl.. and I he polarizu1ion s1a1c of 
incidenllig.ht. The space-periodic varialion of 1he refracli,·c index is illusuatcd in fig. 5.3(d). 
The Aile has phase difference¢> • from the ligh1 paucrn as 
(5.2.15) 
The ¢:>0 is an imponant factor for lllc diffraction and apparcm amplifica1ion nflllc light. 
The expression for Esc can be obtained by using cqs. (5.2.7) 10 (5.2.11) with tile Fourier 
expansion up 10 tile first order, as described in eqs. (5.2.12a) 10 (5.2.12c). The steady-state 
response of Esc can be expressed as6l 
where 
EN=eN""/(EK)"'A, 




and the factor"- j" in cq.(5.2.16) shows a spatial t n/2 or- n/2 shift of theM(. with re~pcct to 
the light intensity pallcrn; !llal is, ¢:>0 = + n/2 or- n/2 in cqs. (5.2.14) nnd (5.2.15), according to 
'.rr > 0 orr«<< 0. Esc is proportional not to the total intensity hut to the modulation index m. 
When E0 = 0, Esc is given by 
Esc=-jE~0 /(E14 +E11 ), (5.2.19) 
which sllows thai tile smaller field of E14 and E0 is effective. EN is the maximum spucc charge 
field obtained by the in1eg.ra1ion of the maximum availahlc charge distribution eN,.· cos (K·r), 
which corresponds to the full separation of the charges. If En < Ew tile field is determined hy 
E0 , which corresponds to the situation in cq.(5.2..7) in whichJ = 0; thai is, tile current dcnsi1y is 
Fig. 5.4. Experimenlal arrangemenllo rorm !he PA graling in lhe 
UNbO~:Fecryslal. 
5 10 15 
TIME (minute) 
Fig. 5.5. Typical lime varialion of lhe intensily 11 detected at the photo-
diode. 
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not enough to reach the full separation of the charges. If £11 becomes infinitely large, Es<: 
becomes - jmEN' Therefore, the addition of the external field £0 can promote the scp~r.~tion of 
the charges. 
The diffraction and the apparent amplification of the two waves incident in the crystal can be 
derived as follows. Substitution of the electric field of the light, £, expressed in cq.(5.2.1) into 
the wave equation, 
(5.2.20) 
where 
yields to the coupling equations between A1 and A2 a.~ 
cos e .. dA 1/dy"'- (a; /2)A 1- jn I Me I )."1 exp(j4>.)A2 , (5.2.22) 
cos 6;, dA 2 /dy =-(a; /2)A2 - jn I Me I )." 1 exp(- j4>1 )A 1, (5.2.23) 
where the approximation 
d2A,Jdr2 << k dA, !dr, (5.2.24) 
is used, and the uansformation of coordinates 
y=rcos6;,, (5.2.25) 
is performed, eonsidering the experimental configurntion in Fig. 5.1. The fir.;tterms on the right 
sides of cqs. (5.2.22) and (5.2.23) represent the loss of amplitude in the crystal, and the second 
tenns represent the diffraction of another wave. From cqs. (5.2.22) and (5.2.23), we obtain 
cos ala di,Jdy"'- ru, t 2n; I Me I A"' U/z)lll sin (4>.). (5.2.26) 
cos e .. d/2/dy =- o;lz- 2n I Me I A-l Ulz )Ill sin (4>,)' (5.2.27) 
where eq.(5.2.26) results from the sum of the respective sides of cq.(5.2.22) times A," and those 
of the complex coojugate of cq.(5.2.22) times A 1, and eq.(5.2.27) is obtained by a similn proce-
dure. When ¢>0 = + n/2, intensity / 1 is most amplified due to the energy transfer from /2 to / 1. 
When ¢>0 =- n/2, the situation becomes converse. 
5.2.2 Experimenlal System ro Form PR Grating 
The experimental system used for fonning the PR grating in the LiNbOl:Fe crystal is shown 
in Fig. 5.4. The Ar* laser with wavelength A= 514.5 nm is used as a light source. Specifica-
tions of this laser arc summarized in Table 5.111. The light is split into two pans 11 and /2, by a 
beam splitter (BS). / 1 can be attenuated by the attenuator Ani. / 1 and /2 can be shut out by the 
LiNb03 y cut 
y 
)--· 
~- ~1 the 22-coupling 
tl-:=------"~~ 24-coupling 
the 21-coupling 
Fig. 5.6. Three viblationat modes in the y-eut plate or t.iNb03. 
Table5.UI.Spec.IICalionsoltheli!Se(. 
NECGLG3200 
wavelength: 514.5 nm, power: 600 mW 
mode : TEM00. linearly polarized 
stability:0.5%1ll 
beam diameter : 1.5 ll'ITI 
Table 5.tV. Specilications or t.iNb03 v-eut plates tor the measurement. 
Fe0.09 mot% doped. thiekness: 1.51 rnm 
polarizationollightf/ x-illeis, PAgratong/fe-illeis 
shapesoly-plane:lttpentagonai(Q .. 4000),/12rectangular(0"' 
20000),It3-5irregutar(0<1000) 
shutters Shl and Sh2, respecth·cly. The two lights arc incklcnt in the crystal, ~nll the nmplificll 
or attenuated imcnsily of 11 can be llctcctcd by the phouKliudc Dell. 
They-cut plmcs of LiNhOl:Fc arc uscll as the samples. The ligh1 is incillcnt on they-plane 
of the sample. The c-~xis of the crystal is arranged as illustrmcll in Fig. 5..1. In this case, the 
algebraic sign of sin(<l>.) in cqs. (5.2.2(>) and (5.2.27) is positive: 1hcrcfurc, 11 c:•n he amplificll, 
and /2 is ancnuatcd in the crystal. The polarization of the light is now set 111 l>c the s-pulariz:J-
tion; that is, the electric ficlll is in I he x-dircction in Fig. 5..1. Spccific .. tiuns uf the .v-cut plates 
for the experiments arc shown in Tahlc S.IV. 
Figure 5.5 shows the typical time variation of {1 dctectell m the phuuKliooJc Dell in Fig. 5..1. 
The ratio of 11 to /1 before entering in10 1hc crysml is I : \, :md the puwcr is 550 mW/cn11. At" 
lime 1 = 0, lhe shutter Shl is opencoJ anoJ Sh2 is still clrn;cd. Onlr the incidence of / 1 can elimi-
nate the residuary PR grating in the Cr}'Stal. At 1 = 11 ( ahout \4.5 min.), the shutter Sh2 is ;olso 
opened, the IWO waves arc mixcoJ in the crystal, and / 1 is amplifieoJ. At r = 11 ( :thuul 17 min.). 
lhc increase of / 1, d/1 I dr, reaches zero, lhc PR grating c;,n he presumell formeoJ in the eryst:1l, 
and the shuners arce]oscoJ. 
The PR grating is formed in the c- (z-) direction in the cryst:~l. The pcri1Kl of the PR grating 
,\can be changed by changing the angle 21l in Fig. 5.4, fnllowing cqs. (5.2..1) ;moJ (5.25). Since 
lhe polarizalion of the light is in thex-llircction in the cryst:•l, the rcfwctive ino.Jcx "c in eqs. 
(5.2.4) and (5.2.5) isn0 ( = (t 11 /£0)111 ); th:•t is, the two waves arc oro.Jio:•ry W;I\"CS. The o.Ji:m\e-
ter of the light beam is ahout 1.5 mm, which parti:~lly F11rms the PR gr;•ting in the ~m:~ll vulume 
in the crystal. The beam diameter can be exp:~nlleoJ to about 20 mm by ~citing the hc:~m expan-
der within I he experimental system, which forms a l~rge volume of PR gr:~ting in I he eryst:~l. 
§5.3. Decrease ofQ and Generation of Nonlinear Acoustic Vi bra lion doe to PR grating 
5.3.1 Experimcmal McrJ.vd 
After the PR grating is wrincn, Au electrodes arc oJep11sitcoJ on the y-pl:~ncs, anoJ the frequen-
cy chardCteristics of admiuancc arc measured ncar I he rcsonnnce frequencies nF the mnJes in the 
y-cot plate of LiNbOJ:Fc using the clcctromcchanieal meth1Kls o.Jescrihed in §J.(>. The piezn-
clectrie vibration of the plate has the following""' mudes where m dcnmes the o.Jirection of elec-
tric field to drive the ,·ibration and n denotes the strJin S8 ; th;tt is, S8 "d..., E.,: I) the 21-eou-
pling, length-extensional mode in the .t-o.lircction, 2) the 24-coupling, thickness-shear mode in 
the x-plane, that is, the yz-planc, anoJ 3) the 22-cnopling, thicknes.~-extensiomtl nuKle in they-
direction. These three vibrational modes me illustratcoJ in Fig. 5.(>. We llcnote the lengths of 
the sample in the x-, they- llnllthc z-o.Jireetions as.r,y anoJ z, rcspcclivcly. In they-cut plate, 
the lengths correlate asy < x ano.Jy <:;therefore, at the rcson~nce or the 22-nuKlc, in which the 
lcm 
Fig. 5.7. Configuration of the sample. a penlagonal y-cut plale of 
UNb03:Fe. The length in lhe y-direclionis abou11.51 mm. 
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Fig. 5.9. Conduetanea-susceplance !G-8) characlerislics of lhlil 
sample with PR graling allhe oscillation laval or 1 V near lhe resonance 
of the 21-mode. fa) The case when lrequeney i~asas. {b) The case 
when~decreases. 
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Fig. 5.10. The reason for lhe g&neration of lhe nonlinear jump and 
hysteresis. When the relationship between Ioree and displacement is 
nonlinearasineurve(b)inligure(a):lheeaseoltwlrdspling,andcurve 












1111121-mode lithe oscillalion kMII of O.OS V, whln lhe frequencies are 
c-Jupand(b)clovm. 
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Table 5.V. The Q...value, lhe eleclromechanical eoupling coefficienl k, 
and lhe resonance lrequency ollhe sample wilh lhe PA grating in lhe 
lrtoqtJencies 









"•,.1(2:~) 0.34679 MHZ 0.34665 MHZ 
resonance occurs in the y-dircction, the vibration in the x- and z-directions is clamped. At the 
resonance of the 21-modc, in which the resonance occurs in the A-direction, the vibration in the 
z- as well as they-direction is free because of the existence of Poisson's rnlio. When the 
sample is elongated in the x-dircction, it shri,·cls in the z-dircctioo. 
5.3.2 Experimental Re.Tulrs 
Figure 5.7 shows the configuration of the sample, a pentagonal y-cut plate of LiNhO.l:Fe. 
The value ofy is about 1.5\ mm. The PR grating is wrincn in large volume in the CT)"Stnl tJy ~n 
expanded beam diameter of 20 mm. The ratio of /1 and /1 before entering into the cr)·~tnl is I : 
1. The value of A is about \.5 ).lm. Whole Au clccuo<Jcs arc now deposited on the y-plnoes. 
The frequency chamcteristic of the admiuance is shown in Fig. S.R, in which the resonances of 
the 21- the 24- and the 22-modes exist a! abou!O.JS MHz, I.JOMHz anl.l2.15 MHz, respccti\·e-
ly. 
Ncar the resonance of the 21-mode, the conductance-susceptance (G-B) chardC!eri~tie~; at 
the oscillation level of I V arc shown in Figs. S.9(a) and 5.9(b), where Fig. 5.9(a) is representa-
tive when the frequency increases ani.! Fig. S.9(b) when it decreases. We find the abrupt jumps 
and hysteresis of the adminancc. Jump and hysteresis arc typical phenomena of nonlinear 
vibration based on the hi-stability of the vibrational system. Figure 5.10 explains the reason for 
the generation of nonlinear jump and hysteresis 
Figures 5.11(a) and 5.11(b) show the G-B characteristiC~; of the same mode at the oscillation 
level of 0.05 V, when the frequencies arc up and down, respectively. The nonlinear jump cannot 
be observed, unlike the case at the O.<;(:illation level of I V. The allminance loci arc almo:;t true 
circles and the vibration is almost linear. Small driving vohagc cannot cause the nonlinear 
phenomena. Next, we turn our anent ion to the Q-,·alue, the electromechanical coupling coeffi-
cient k, and the resonance frequency, which arc shown in Table 5.V. We find thai the Q-vnlue 
decreases when nonlinear phenomena such as nonlinear jump occur. The decrease of the Q-
valuc refers to the energy transfer from linear vibration to nonlinear ,·ibration. The clcctrome-
chanicalcouplingcocfficienland!heresonancefrcquencyarealmosllhcsameinthescc:Jscs. 
In the case of 24- and 22-modes the Tlllnlinear jump is not observed. Table 5.VI shows the 
Q-value, the electromechanical coupling coefficient k, and the resonance frequency in these 
modes. The variation of the Q-va\uc upon changes in the oscillation level, which is one of the 
nonlinear characteristics, can be observed in the 24-modc, but it is not observed in the 22-mode. 
Next, the sample is annealed at 200°C for I hour, so that the optical diffractive grating can be 
erased after annealing. The clectrnmechanical mea.~orcment after annealing above is pcrfom1ed 
in order to compare with the characteristics observed before annealing. The experimental results 
of the 21-mode arc shown in Table 5.VII. An increase of the Q-valuc is observed and the non-
Table 5.VIII. The varialion of lhoe 0-value and resonance frequency '~m of 
lhe 21-mode after annealing. The symbols "N". ·r· and ·o· dEmole no 




Whole ~'.. N 1(0.05%) 
N(10000-15000) 0(20000-5600) 
Partial "',. 1(0.025%) 1(0.05%) 
1(2600-17000) 1(2000-20000) 
,·."mlJ, r,;. 
- -~ -- i : t - -
- ~- ~ -... --. ---
025 ' ' 
0 " G(mSl 
Fog. 5.12. Nonlinear l"mp phenomenon observed in lhoe admillance circle 
neat lhe resonance frequency of the 21-mode. 
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linear jump is eliminated. We can conclude that the PR grating written in the piezoelectric 
transducer can cause a decrease of the Q-value and the generation of nonlinear acoustic vil">ra-
tion,especially in the 21-mode. 
§5.4. lnnuence of Variation of PR grating on Piezoelectric VIbration 
In this section, we describe the innuence of the variation of the PR grating on the piezoelec-
tric vibration, for example, after thermal annealing/) by changing the intensity r~tio of I, to 11, r, 
after the incidence of homogeneous light,'"' and by the aging. Tl 
5.4.1 Influence of"lherm~l Anne1.1/ing 
Ay-cut plate of UNb01:Fc, which is rectangular, x = 7.19 mm, y = 1.51 mm, and z = 4.03 
mm, is used. The Q-value of the present rectangular sample is, generally, l~rger th~n thm of the 
pentagonal sample described in the previous section because of the regul~rity of its sh~pe. The 
ratio of 11 to 11 is 1:1, and the diameter of the beam is about 20mm. The period of PR grating A 
is selected to be about IIJ.Ill and 3.911m. After the PR grating is written, whole Au electrodes arc 
deposited on they-planes, and I) the frequency characteristics of admittance, 2) the current-
voltage (/-1') charncteristics, and 3) the spcxtral analysis of harmonic generation, respectively, 
arc measured ncar the resonance frequencies of the I) 21-mode, 2) the 24-modc, and 3) the 22-
mode. Concerning the 21-modc, the measurement is made in the case of not only whole elec-
trodes but also partial ones, 2mm(.t)><lmm(z), deposited on the center of they-plane.~. 
As described in the previous section, the optical difrractive grating can be erased after anneal-
ing at 200°C for 1 hour, so we perform the similar measurement as above after annealing to 
compare with the characteristics observed before annealing. A virgin y-cut plate, on which the 
PR g.rnting has not been written, is prepared in order to examine the intrinsic characteristic.~ of 
UNb01:Fc. 
In measuring the frequency charncteristics ofadmittance, we also note the variation of I) the 
Q-value of the resonance, 2) the resonance frequency w,., and 3) the existence of the nonlinear 
jump phenomena, due to annealing. 
Table 5.VIII shows the variation of Q and m,. after annealing in the 21-mode for two values of 
A and two kinds of electrodes. We find that the rate of the variation is larger when the c\cc-
lrodcs arc partial or when the value of A is larger. 
When the Q-valuc is small (about 2000 in the sample berore annealing with the flllTiial clcc-
lrodes and the grating of A= 3.9 1-1m), we observe the nonlinear jump phenomenon of an admit-
tance circle, as shown in Fig.5.12. Although the LiNb03:Fe resonator without the PR grating 
shows an intrinsically weak nonlinear jump phenomenon, the sample with the PR grating shows 
~· 
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Fig. 5.1~. The 1-Vellaraclenshc: of the sample with the PR grating at 
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Fig. 5.15. The /-Vcharactaristic: of lila sample with !he PR grating at 
lheresonancelrequeneyoflhe22-mode 
the phenomenon distinctly and at phase angles different from that of the former. After anneal-
ing of the sample, the Q-valuc increased tenfold to about 20000, and the nonlinear jump phe-
nomenon disappeared. We find that the PR grating causes the dccrca..;c of Q and the generation 
of the nonlinear phenomena, as described in the previous section. 
On the other hand, in the ca..;c of the sample with the whole electrodes and the grating of A " 
3.9 Jll'll, the nonlinear jump phenomenon did not appear before annealing, and the Q-valuc wa~ 
about 20000. By fiKing the sample with adhcsh·e tape, Q-value decreased, then the nonlinear 
jump phenomena appeared. This suggests that too large Q-valuc doc5 not cause the present 
nonlinear phenomena in the sample with the PR grating. The usual nonlinear effect, intrinsic to 
the LiNbOl:Fc resonator, is likely to he enhunced when the Q-value increases because the 
higher orders of strain become more effective: thus, the nonlinear phenomena observed here in 
the sample with the PR grating arc unusual and due to a completely different mechanism. After 
annealing, the phenomenon appeared and the Q-wlue decreased. This suggests the existence of 
the PR grating even after annealing. On the other hand, the optical Bragg diffraction did not 
occur after annealing. so the PR grating is thought to disappear. These two facts arc seemingly 
not consistent with each other. Grating sufficient to cause the nonlinear phenomena seems to 
partially remain even after annealing. Moreover, the fonn of the electrodes (whole ur pal1ial), 
inOuences the nonlinear behavior, even though the other experimental conditions arc the 5amc 
The nonlinear phenomena arc confinned by 1-V ehar<ICtcristics or hannonic generation, a~ 
well as by admillancc characteristics. Figure 5.13(a) shows the I-V characteristic of the sample 
with whole electrodes and the grating of A:: I j.lm after annealing. Figure 5.13(b) shows the 
intrin~ic characteristic of LiNbOl:Fc for comparison. In Fig. 5.13(a), we observe hysteresis 
and the marked variation of the gradient d//dV. The gradient becomes negative in some range of 
the voltage. On the other hand, the weak nonlinearity in Fig. 5.13(b) is caused by the large Q-
value of the resonator, which is the usual effect. Harmonic generation was also observed in buth 
samples. Not only odd h.annonics, hut also even ones were observed. 
Table 5.1X shows the variation of Q and m,. after annealing in the 24- and 22-modes. Only 
whole electrodes arc used. The value of oJm in the 22-modc shows a tendency to decrcasc after 
annealing. This fca!Urc is different from the results in other modes. Another influence of the 
PR grating on the piezoelectric vibration is greater in the 22-mode than in other modes. The 
nonlinear jump phenomenon of the PR grating was observed in the 24-modc as well as in the 
21-modc, but not in the 22-mode. 
The I-V characteristic in the 24-modc for the s.amplc with the grating of II. =1 ~tm before 
annealing (in Fig. 5.14) shows marked hysteresis and negative gradients, as in the 21-mode. In 
contrast, the intrinsic characteristic in the 24-modc shows little hysteresis and no negative gradi-
10·• L _.J_j_l..l...l..l.l.L.___l___l__l_J_.LLI 
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Fig. 5.16. Frequency characteristic of lhe admittance of the sample 
used in the experiment changing the value It The shape olthe sample 
is imtgUiar.lherelore, there are many peaks ol Ydue to lhe 21-mode, 




















Fig. 5.17. Admillanc:ecirclelollhll21-rnodemeaaured from 780 1o 
880 kHzwilhlha PRwaJ!ng lormad by (a) p" 0.1,(11) p • 0.5, ..c1 (C) p 
•1,Napet:ll¥8ly. 
131 
Fig. 5.18. The variation ol the O.value wn.n ehanging the value of IJ. 
The notalion "o" indicates the results measured lfom 600 1o 700kHz and 
lhe"•"lrom780to880kHz 
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The /-Vcharacteristic in the 22-mode for the sample with the grating of ll=lflm before 
annealing (in Fig. 5.15) shows hystcfl:sis, but similar h}'Stefl:sis is also observed in the intrinsic 
characteristic in the 22-modc. Hence, we cannot conclude at prc."<:nt the innuence of the PR 
grating on the nonlinear phenomena in the 22-mode, even though the Q-v;~lue in the 22-mode 
was innucnced by the PR grating. On the other hand, in the 21- and 24-modes, we can con-
clude the innuencc of the PR grating on the nonlinear phenomena, invol~·ing the lnw Q-valuc. 
We also find that the variation of or,. after annealing has no Tl:l;~tion tn that of Q. The varia-
tion of oo,. probably is Tl:lat«l to that of the stiffness of the nonlinear spring, as suggc~ted in Fig. 
5.10. 
5.4.2 Influence of Changing /nren.fity Ratio of /1 10 I! 
In the experiment described in §5.4.1, the value of II w3s changed ;~nd the influence of the 
grating on the piezoelectric vibration was investigated before and after the anne;1Ling. The 
change in II and thermal annealing can change the ~pace-periodic internal electric field Est 
expressed in cqs. (5.2.12a) and (5.2.16). However, ESA;. involves£" which is directly propor-
tional to II and ED which is inHrscly proportional to II, as expressed in eqs. (5.2.17) and 
(5.2.18), rc.~pcctively. Therefore, experimenting by changing the value of II cannot clarify the 
relationship between the value of £K and irs innuencc on the piezoelectric vibration. 
For that reason, in this subsection the intensity ratio of /1 to/1 before mixing is changed in 
order to investigate the reladonship between EK and its inOuence, because Est:. is in proportion 
to the intensity modulation index m, a~ in eq.(5.2.16), andm is determined by the Mio of / 1 to 11, 
asincq.(5.2.6). 
The power of/~ before mixing is fixed at550 mW/em1, and the ratio of /1 to /1, !i. is changed 
to 0.1, 0.5, and 1, by attenuating /1 using the allenuator Ani in Fig. 5.4. The diameten; of the 
beams arc not expanded. The value of m is as follows: 
m = 0.54 when ~ = 0.1, 
m = 0.94 when ~ = 0.5, 
m=O.l when f'= I. 
Given the value of II at 1.6 ]lm, another LiNb01:Fc resonator (its frequency charucteristic nf the 
admittance is shown in Fig. 5.16) is used as a sample. Since the shape of this sample is not 
regular, there arc many peaks of adminaocc below I MHz, which ~re due to the 21-modc, and 
thcQ-valuc is smaller. 
Figures 5.J7(a), 5.17(b) and 5.17(c) show the adminance circles of the 21-modc measured 
from 780 to 880kHz with the PR grating formed by (a) f' = 0.1, (b) f' = 0.5, and (c)~= I, re-
spectively. We find that the increase of~. and the concomitant increase of Eoc, surely makes 
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Fig. 5.23. Frequency charact8listie or admillanee or lhe sample used in 
rhe experiment investigating the influence ol homogeneous tight inei-
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the value of fi, measured from 600 to 700 kHz and from 780 to 880 kHz. The increase of Esc 
causes the decrease of Q-value, which signifies the depression of the linear vibration. This 
result is consistent with the previous experimental results reported in this chapter; howe\'Cr, clear 
nonlinear phenomena such as the nonlinear jump arc not observed here. The reason is as fol-
lows. Because of the irregularity of the sample shape, the Q-valuc, which is less than 100 when 
fl =!,is much smaller than that of other samples. Small Q-value means small amplitude of the 
linear vibration. Accordingly, the present Q-valuc is too small to cause the nonlinear jump 
phenomenon, because the phenomenon requires a larger amplitude of vibration, as suggested in 
Fig. 5.10. 
The 1-V characteristics and the results of the spectrum analysis arc also shown in Figs. 5.19 
and 5.20, respectively, when (a) fl = 0.1, (b) fl = 0.5, and (c) fl = I. We find that nonlinearity 
becomes slightly more pronounced as Esc increases. 
The variation of the dielectric constant was also invcstig;~ted with change in fl. Figures 5.21 
and 5.22 show the frequency charncteristics of the dielectric constant ( pennittivity ) tn I t0 and 
the dielectric loss ( tan 6 ), respectively, when fl changes. Real and imaginary part of the 
complex dielectric constant arc calculated using the components of the n/2 phase difference and 
in-phase between I and V, respectively. The tan 6 is given by the rntio of the imaginary to the 
real p3rt. If the dielectric loss did not exist in the material, only the component of It/2 phase 
difference would comributc to the permi11ivity. Piezoelectric resonance increase the in-phase 
component, as shown in Fig. 3.5, and therefore, the dielectric loss apparently. The sharp peaks 
in Figs. 5.21 and 5.22 arc due to the piezoelectric resonances of the 21-modc, which do not 
have any relationship to the intrinsic dielectric properly. The dielectric constant docs hardly 
change when fl increases, as in Figs. 5.21: however, the dielectric loss when fl = 0.5 and fl =I is 
larger than when fl = 0.1 at frequencies below about 500kHz, as in Figs. 5.22. This suggests 
movements of ions, which compose the PR grating, in they-direction through Coulomb's force 
by the external electric field in !he y-dircction at low frequency. The decrease of the present 
tan 0 at higher frequency suggests that the ions cannot follow the external force; that is, the 
vibration of the ions is inertia-controlled. 
5.4.3 Influence of Homogeneous Light Incidence 
In the c~periment discussed in §5.4.1, the thennal annealing at 200 °C for I hour could not 
completely eliminate the PR grating. The residual PR grating often even caused nonlinear 
behavior. In this subsection, homogeneous light incidence onto the crystal is performed to 
eliminate the PR grating homogeneously and completely. 
The sample is an irregular fonn ofy-cut plate with a frequency characteristic of admittance as 
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Fig. 5.26. Frequency characlerislic or admillance or lhe sample 





Fig. 5.27. The lime variation of (a) the 0-vatue. (b) the resonance 
lrequency'"m•and(c) theetectromechanicalcouplingcoellicientkat 
room temperature in a dark plaee, whale lha OOiation ·o· and "x" show 
the dala at resonance lrequeneies or about 820 kHz and 1050 kHz. 
respeclively,andlhelormeriscausedbythe21-mode. 
and after depositing electrodes only /2 with the power of 180 mW/cm2 is incident from the side 
of the crystal. 
Figure 5.24 shows the frequency characteristic of I Y I and phase angle ncar the resonance 
frequency of the 21-mode (aOOut 0.45 MHz), after the incidence of homogeneous light for (a) 0 
min., (b) 35 min., (c) 60 min., (d) 90 min., and (e) 150 min., respectively. We find that two 
peaks of resonance exist and the peak of higher frequency grows by degrees relative to the inci-
dence of light. The variation of the Q-value, the resonance frequency w,., and the electrome-
chanical coupling coefficient I!. arc shown in Figs. 5.25(a), 5.25(b), and 5.25(c), respectively, 
where the notation "o" anll """show the llata at lower and higher resonance frequencies appear-
ing in Fig.~. 5.24, respectively. The energy transfer lx:rwecn the rwo peaks seems to have oc-
currell. The linear vibration depressed by the PR graling becomes larger as the time of light 
incidence increase.~. In addition, the PR grating depresses the electromechanical coupling coef-
ficient. 
Clear influence of the PR grating on nonlinear behavior was not observed in tile present sam-
ple, even though the PR grating depresses the Q-value, that is, depresses the linear vibmtion. 
The reason seems to be the same as in the sample invcstigalcd in §5.4.2. 
5.4.4 Time Variatio'l of PR Grating at Room Temperature 
In this subsection, time variation of the PR grating at room temperature (about IS °C) is 
investigated. The sample is an irregular form of y-cut plate with a frequency characteristic of 
adminancc as shown in Fig. 5.26. In forming the PR grating, the intensity of light is 550 
mW/cm2 with~"' I, anll after llepositing electrodes the sample is preserve(.[ at room temperature 
in a dark place. The time variation of the Q-value, the resonance frequency wm, and the elec-
tromechanical coupling coefficient II. are shown in Figs. 5.27(a), 5.27(b), and 5.27(c), respective-
ly, where the notation "o" anll """show the data at resonance frequencies of about820 kHz and 
1050kHz, respectively, and the former is caused by the 21-m<Xle. We find irregular variation 
of !he Q-value anll k. and the srabili1y of w,. within 60 llays. The nonlinear jump phenomenon 
was often observed during !he 60 llays, for example, after 22 days, with decrease of the Q-value. 
However, we cannot finll a 1endency of the PR grating to fade out within 60 days at room tem-
perature in a dark place. 
§S.S. Summary of Experimental Results 
The PR gr:ning formed in the picz<~o~;lectric Li!'\hOJ:Fe trans<..lucer <..lecrcase<..l the Q-value, an<..l 
therefore, depressed the linear vihratiun. It oflen c;:~use<..l nonline;,r behavior such ;ts nonlinc~r 
jump and hysteresis, aceompunied by the deereuse of the Q-value. Energy tmnsfer from the 
linear to the nonlinear\·ihratinn occurred. 
Even after the thermal annealing, the PR grating seemed to partiallr remain, an<..l it often 
caused nonlinear behavior. 
The generation of the present nonlinear hchavinr w;ts rebtcd to the fnrms uf the s;unple, the 
forms of the electrodes, and the vibrational mode. This nnnline;or l~o~;b;o\ im cuul<..l uftcn occur in 
the 21- and the 24-modes, but was not evident in the 22-mude. 
Too large Q-,·alue depressed this nonHne:or bcha\"ior. The usu:ol nonlinear effect is prnhahly 
cnhancc<J when the Q-value incre;oscs because the higher orders uf stwin l~o~;cnme more effec-
tive. Therefore, the nonlinear phenomen;o ohservc<.l here in the s.Jillple with the PR gr;tting me 
unusual an<.l due to a completely different mechanism. They also did nm "ppcm clearly in the 
sample with very small Q-value due w the irregularity of the form. 
The value of the space-periodic internal field Esc clearly innucnccd the piezuelecuic ch;uac-
teristics and the dielectric loss. 
§5.6. Model for Nonlinear Phenomena 
In the previous sections in this chapter, the decrease of Q-,·aluc and the generation of nonlin-
ear vibration were detected in the LiNbOJ:Fe piezoelectric transducer in which phowrcfractivc 
(PR) grating was formed. The decrease of Q means the deprcssitln of linear vibration, which is 
consistent with the generation of nonlinearity. The energy transfer fmm linear to nonlinc;u 
vibration can occur. The PR grating enhances or produces the nonlinearity in cryst:tl. This 
nonlinearity was strongly influenced hy the form of the sample. When the Q-value was too 
large or too small, depending upon the form of the sample, the present n<llllinear hchavinr 
became obscure. We explain the expcriment~l results by a new etmet:pl, space-periodic modu-
lation of piezoelectric polarization due to the PR intern31 field.~! which is a physical model 
withintherangeofpossibility. 
5.6.1 Two Modes of Vibrution 
First of all, we consider a compoun<J pendulum connected by ~ nonlinear spring, 3S in Fig. 
5.28(a). Vibration of the pendulum in Fig. 5.28(a) can be scpar,<tcd into two modes, as in Figs. 
5.28(b) and 5.28(c), an in-phase and an antiphase vibration of the two pendulums, respectively. 
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Fig. 5.28. (a) A compound pendulum connected by a nonlinear spring 
(b) An in-phase mode or the vibra1ion. (e) An antiphase mode or the 
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Fog. 5.2'9. (al Space-sinusoidal charge distribution of the PR grating in a 
solidlineandslaticintemaleleclricfieldinadashedline. (b)Ailemat-
ing, ll'lal is, periodic in time domain, polariation in lhe c-direction. tc) 
TheeiKlricdipolescanbestrain&dlongitudinallybylheinternallietd. 




The displacements of two pendulums in Fig. 5.28(a) arc expressed as u, and u2, ttlen ttlc dis-
placements of the in-phase and antiphase vibration, u., and u .. ,;• respectively, are expressed as 
(5.6.la) 
(5.6.1b) 
In the former, since the two pendulums are in a palllllc:l motion with each other and the non-
linear spring docs not vibrate, nonlinear vibration docs not occur. In the latter, since the two 
pendulums move on opposite directions and the nonlinear spring docs vibrate, nonlinear vibra-
tion docs occur. Only antiphase \"ihration can contribute to nonlinear vibration, because elastici-
ty is caused by t.u and its higher orders. That is, the generation of nonlinear vibration requires 
the existence of both nonlinear springs and the antiphase vibration of the springs. The dis-
placements in the in-phase vibration are restored by forces other than the clastic force between 
the two particles, for example, in the case of compound pendulum shown in Fig. 5.28(b), the 
gravity acting on the mass of pa11icles, or in the case of solid resonator, for example, piezoclcc-
trietransduccr,otherclastie forceshctwccn the present pa11iclesandothcr pa11icles. 
Proper frequencies of the two modes arc different, but if an external force exists, as in the 
case of pic.loclcctric transducer, ,·ibrational frequencies of the two modes are the same, because 
both modes of vibration are caused by the same external force by means of piezoelectric effect. 
We will in•·estigatc the cause of existence of nonlinear springs and antiphase \"ibration of 
them in tile case of piezoelectric transducer in which PR grating is formed. In this case, we can 
consider that spatial period of antiphase vibration is equal to A, the period of PR grating. 
5.1'i.2 Generation of Antipha!ie Vtbration by Spare-periodic Modulation of Piezoelecrrir 
PolarizaTion due ro Phororefractive Internal Field 
We consider the generation of antiphase vibration in the PR grating. A space-sinusoidal 
charge distribution and an internal electric rield arc formed in the c-dircction of the crystal, 
represented by solid and dashed lines in Fig. 5.29(a), respectively. 
If alternating, that is, periodic in time domain, polarization Pis generated with alternating 
displacement in the c-dircction according to the piezoelectric relation, 
(5.6.2) 
as in Fig. 5.29(b), then, the alternating electric dipoles could be Stlllined space-periodically, as in 
Fig. 5.29(c), by the static PR internal electric field. Since both the electric dipoles and the PR 
grating are fixed in the crystal, the Iauer could also be st~ained space-sinusoidally in the c-dircc-
tion, and could vibrate /ongiruditWlly in an tJntiplulse State at intervals of every one-half of A. 
The antiph3se strain oi')l caused by the mechanism described ahuvc c:1n l!c expressed as 
{5.6.Ja) 
{5.(>.31>) 
where Einl is the static PR internal electric fich.J, and E"1 is the alternating external electric ficlll 
which drives the piezoelectric vibration. The former corrcsponlls to Esc dcscril!cd in §5.:!. 
Cocfricicnts am and n'm arc not ~1ost:mts, ;mll dcpen<.l llfl E;.o· E.,1• :m<.l uth.cr cxperimcnt:d 
condi!ions. 
The altcrnatingpolariz:.tinn illustr.1tcd in Fig. 5.:!'1(h) c.m he gcocwtc(.) in the :!1-mndc in 
which S1 ami Sl exist. In both :!-1- and :!2-moc.lcs, altern;oting pul:~ri7.:otion c:on 1~~: gcncr;otell in 





respectively, as in Fig. 5.:!9(d). In this case, the alternating clecnic dipoles coulll he str:tincd 




where Clm and n'm arc not constants. In Fig. 5.:!9(e), the displacement in rhe c-tlirecrion due w 
thetr(lnsverscstrainM,changcsspace-sinusoidally inthe(·-dircctionan<.lspacc-lincarly in the 
y-dircction; therefore, /ongirudin(l/ unriphusc ,·ibration could occur in the c-dirccrian with a 
spatial period of A. The amplitude and phase of this longitudinal antiphase vibration ch:ongc in 
the y-dirccrioo, unlike the case of oi~r The change in the y-dircction depends on the polariw-
tion state in the y-dircction determined by the vibrmional mode. 
In the case of:!l-modc, .i~, can occur according to 
and cq.(5.6.5b). Both of Ml and oi\ can be effective fur the generation uf the longitudinal anti-
phase ,·ibration in this case. 
Accordingly, piezoelectric polarization, that is, acoustic vibration can be modulated space-
periodically by the PR intcmal field. The wavenumber k of the aCtlustic vibration can be 
modulated as 
k' = k!: K. ( I k I « I K I ) (5.6.7) 
Phase velocities of the three waves with the wavenumbers k, k + K ami k- K are w,.lk, w,.l( k + 
K) and w,.l( k - K ), respectively. On the other hand, group velocities of them arc the same as 
grndtu,,.,becauseofthespace-pcriodicity of the PRsuperlauicc. 
5.6.] Origin of Non/ine(lr Spring-- Enhancement of lnrrifl!iir Nonlineariry 
and Generation of Nonlineoriry by Coulomb~ Force 
We shall now consider the origin of the nonlinear spring which causes nonlinear phenomena 
when PR grnting exists. There are fWO possibilities. 
First, nonlinearity intrinsic to LiNb03:Fc can be enhanced by the antiphase vibration of the 
PR grating mentioned above. In this case, the intrinsic nonlinear spring vibrates in the anti-
phase state at intervals of every half of A. In general, piezoelectric vibration has some nonlin-
earity, because antiphase vibration which causes nonlinearity exists with a space-period of 
wavelength of acoustic wave. But, usual piezoelectric vibration of the resonator without PR 
grating is (.1/mo.tt in the in-phase state if compared with the period of the PR grating A, because 
the wavelength of piezoelectric \"ibration is much larger than A. Therefore, nonlinear phenome-
na of a usual resonDtor are weaker than those of a resonator with PR grnting. 
Second, nonlinearity by Coulomb's force which obeys inversc-s4uarc law within the vibrat-
ing PR space-charge is a possible explanation. Only antiphase vibration contributes to nonlin-
earity in tllis case, too. for the sake of simplicity, we assume that electric charges which form 
PR grating are distributed at intervals of Nl2, as illustrated in fig. 5.30. The quantity of the 
electric charges q8 is distributed sinusoidally in the r-dircction, as illustmtcd in Fig. 5.30. That 
is,wccanwrite 
q.(Z) = q sin(2nZ/A) [)(Z-Z.), (5.6.8) 
where n is an integer, z.=nN\2, b(Z) is b-function, Z is the position in the r-dircction fixed in 
the crystal. In the cuse of 21-mode, the displacement of the cllarges which vibrate in the 
antiphase state {l.z0 , as in fig. :S.2<J(c),can be expressed as 
Az.(Z) = {l.z sin(2nZ/A), at position Z = z •. 
\caused byn.S11 
(:5.6.9) 
where Az is the maximum value of the antiphase displacement, and it depends on experimental 
conditions. The strain liS1 has a pllase difrerence of Ir/2, that is, N4 from the antiphase dis-
placement liz. expr~ssed in e4.(:S.6.9), because longitudinal strain in the z-direction and dis-
placement in thez-direction ha•·e rcl~tionsllip between different in! ~ml integration with each 
Fig. 5.30. Eleclric char~ which form llwl PR gra~ng are assumed lo 
be dislribuled al intervals of N12. The quan61ies olllwl alectric chatges 
q,. and t.zn are dislribuled space-sinusoidally lor posilion Z in lhe a-
direction. In the case illuslraled by Figs. 5.29(b) and 5.29(c), 1M anli-
phasedisplacernanlt.z,.isin-phasewilh qn 
other with regard to the z-coordinate, and both physical values are now sinusoidal functions of 
Z. When !J..'>, exisl~. the antiphase displacement I'J.z. due to !J..S", depends on not only Z, but also 
on position Yin they-direction fixed in the cryS13l, as described in the previous subsection. In 
addition, the shear strain !J..~, is in-phase with the antiphase displacement ru:. in the c-dircction, 
because shear strain in the yz-plane and displacement in the z-direction do not have relationship 
between differential and integration with each other with regard to the z-eoordinatc. In this 
case, ru:. is expressed as 
ru:.(Y,Z)=-&cos(21tZ/A)Jt:Y), at position Z=Z •• 
[caused by !J..S",I 
(5.6.10) 
where Jt:Y) is a function of position Y. For the sake of simplicity, only !J..S"3 is now considered. 
The distribution of I'J.z• is also illustr.lled in Fig. 5.30. 
Coulomb's force Ft acting on the charge labeled n=/1. in Fig. 5.30 can be expressed as 
F, o: .:=. (Z.,+::~z~-&_.)1 
o: C0 + C1(&/A) t C1(&/A)1 t C3(&/A)1 t ... (5.6.11) 
Coulomb's force acting between the electric charge labeled n=S and the charges of n=O to 16 in 
Fig.5.30iscalculated as 
C0 =-IIO, C1 =-141, C1 =1323, C1 =7003. 
The value ofC1 is about ten times as large as the value of C 1. In this calculation, the nearest 
charges with the same algebraic sign most contribute to nonlinearity of F1• Summation of 
cq.(5.6.11) was performed only in the range below a distance of A, because electric charges out 
of this summation range contribute to smaller linearity and nonlinearity. Antiphase vibration of 
electric charges O\'er a distance of A forms weak and almost linear spring through Coulomb's 
force. On the other hand, in an usual piezoelectric transducer, relationship between stress T3 
and strain 53 is expressed as 
(5.6.12) 
The value of the usual nonlinear cl3Stic constant rF.lll in LiNb01 is -3.6><:10 11 N/m1, and that of 
the linear elastic constant cE31 is 2.4><10 11 N/m1. 9l These two constants have the value of 
comparable order. We find the possibility that nonlinearity by Coulomb's force can be stronger 
than intrinsic nonlinearity. 
Coefficients with even numbers in eq.(5.6.11) exist in this case. On the other hand, Cou-
lomb's force acting between the charges labeled n=9 and other charges in Fig. 5.30 docs not 
producecocfficientswith.c•·cnnumhcrs;th.atis, 
because the system lias a centrosymntetr)' as seen by the ctmrges of n=9. We can consider th.m 
the nonlinear spring formed by Coulomb's force in PR grating lias spatial distribution with. a 
period of A; that is, 
C,(Z) = C,(Z +A) (i = 0, I.:!,···). (:;.(>.[3) 
Upon first glance at cq.(:;.6.11), nonline:11ily may seem to incre~se when the value of A de-
creases. However, if an inter>·al between electric charges arc unchanged, the coefficients <If 
nonlinear term C,(i>l) in eq.(5.6.11) begin 10 decrease when the value of A decreases, hccausc 
the number of charges involved in a period of PR grating decreascs. If the value of A decreases 
finally to twice as large as the interval hctween electric charges, the antiphase •·ihration of elec-
tric charges is similar to optical mode of lauicc vibration in solid-state physics, which is almost 
linear vih.ration. We can understand th.m nonlinearity b)' Coulomb's force depends on distribu-
tion of charges and their movement. 
§5.7. Discussion 
We consider the relationship between the experimental results dcscrihcd in §5.3 to §5.5 and 
the physical model analyzed in §5.6. 
First, we shall explain the rca.~on for disappearance of the present nonlinearity when the Q-
value became too large. The increase of the Q-•·alue means the increase of the almost in-ph.a.~c 
displacement intrinsic to the piezoelectric resonator, because the Q-value is in proportion to the 
displacement of vibration at the resonance frequency, as discus.o;cd in §3.2.1. Here, the infiu-
cnce of the PR internal electric field on the piezoelectric vibration becomes weaker relative to the 
case with appropriately small Q-value. As a consequence, the value of the antiphase displace-
ment !J.z decreases. The decrease of l1z causes a more rapid decrease of the nonlinear terms than 
the linear term. This is also explained by the distribution of energy between the two modes, in-
phase and antiphase modes. The total energy of the vibmtion w, consists of the sum of the 
energy of the in-pha.~e vihration W., and that of the antiphase vibration W .. w 
W,=W;.tW.,.,;· (5.7.1) 
When the Q-value is large, the quantity of W;. is much larger than that of W .. ,; if w, is constant, 
and lhe usual almost linear vibration inherent in the piezoelectric resonator predominates. When 
the Q-value is small, the quantity of W ia is also small, and that of W '""can not be neglected if w, 
++++++++electrode 
ant1phase vibration 
· Cou!omb's force in they-direction 
Fig. 5.31. Theelectricchargesoolheetectrodesiothe y-plaoescao 
inlluence the electric charges in the PR grating d•reclly by Coulomb's 
Ioree. These lorces in the y-directioo can act on the PR grating as 
eouples ollorces at iotervals ol N2. The couplos ottor«~s can depress 
thegenerationoltheaotiphasevibration. 
is constant Therefore, the unusu~l nonlinear vibration appealS. 
In this model, transfer of the energy of the \"ibration in the c-direction between the two modes 
is imponant. In the: 21- and :!.4-modes, the vibration is not clamped in the c-dircction. In the 
22-mode (the thickness-extensional mode), on the other hand, the vibration is cl~mped in the 
c-dircction, as discussed in §3.5 and §3.7.3. The reason why the present nonlinearity is clear in 
the 21- and 24-modes and not clear in the 22-mode has to do with the clamp mentioned above. 
Whc:n the clamp exists in the c-dircction, the quantity of W., and w, in the c-dircetion is small. 
Therefore, the quantity of W .. ,, transferred from w,, is also small, ani.! nonline~rity l.loes not 
appear clearly in the 2:!.-mode. 
The reason for negative dl/dV can also be explainell. We assume that the Hansfc:r of the 
energy from w,, to W .. ,1 OIXUJS when voltage V increases. The trnnsfer of the energy dccrc:a!ic:s 
the: in-phase displacc:mc:nt the: derivative: of which corresponds to the currcru /. That is, the 
negative dl/dV indicates decrease of usual piezoelectric displ~cc:ment and incrc:ase of fl(lnlineari-
ty by the mechanism described above when V increases. In usual piezoelectric transducer, 
negative dl/dVcannot occur. When nonlinearity inerea.'ic:s in an usu;oltransducer by increase of 
V, displacement of linear vibration also increases; therdore, df/I.IV is always positive in usual 
piezoelectric vibration. 
The ohscurity of the prc!if:nt nonlinear behavior when the Q-valuc is too small results from 
the usual nonlinear characteristics. 
The reason why the type of electrodes influences the experimental results is a.~ follows. The 
electric charges on the electrodes in they-planes can influence the electric charges in the PR 
grating directly by Coulomb's force. Existence of Coulomb's force in the y-dircction was 
suggested by the experimental results shown in Figs. 5.22. These force.~ in the y-dircction can 
act on the PR grating as couples of forces at intervals of N2. The couples of forces can de pres.~ 
the generation of the antiphase vibration. Figure 5.31 shows this effect concc:ptually. After the 
annealing of the sample, both the quantity of the electric charges forming the PR grating and 
completeness of the grating decrease, as suggested in §5.4.1. Then, the couples of forces acting 
on the PR grating change by annealing. It follows that the nonlinear char-.tcteristics generated by 
the antiphase vibration can also change by annealing. However, the existence: of the electrodes 
docs not always depress the prcsen1 nonlinearity, bccau~e 1hc electrodes arc necessary fur the 
supply of energy to drive both the in-phase and antiphase modes of vihration. The generation 
of the prcsc:nt nonlinear vibration can be determined by the balance of tbe vibration~! state in tbe 
c-dircc:tion and the present effect due to the electrodes. 
§5.8.Summary 
The decrease of Q-value and the generation of nonlinear vibration were detected in the 
LiNbOl:Fe piezoelectric transducer in which photorcfr~cti1·e (PR) grating was formed. The 
decrease of Q means the depression of linear vibr:~tion, which is consistent with the generation of 
nonlinearity. The energy transfer from linear to nonlinear l"ibrmion can occur. The PR grating 
enhances or produces the nonlinearity in crystal. This nonlinearity was strongly influenced by 
the form of the sample. When the Q-valuc was too large or too small, depending upon the form 
of the sample, the present nonlinear behavior became obscure. 
In addition, we have diS<:us..~cd the possible reasons for the generation of nonlinear bchavior 
dcS<:ribed in the experimental results. The generation of nonlinear vibr~tion requires the exist-
ence of hoth nonlinear spring.~ anclthcir antiphase 1·ibration. The ;ontiphasc vibration can occur 
by the space-periodic modulation of piezoelectric polarization due to the PR internal field. The 
nonlinem spring.~ originate from the enhancement of nonlinearity intrinsic to LiNb03:Fe through 
antiphase vibration and action of Coulomb's force in the 1·ibrating PR space-charge in the anti-
phase state. 
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In this thef;is, new optical measurement methods of pio::znclcetric vihr~riun ~m.l a new phe-
nomenon induced optically in piezoelectric transducers were inve~tigate<J. The former were 
described mainly in Chaptc11> 2, 3, an<.l 4, and the luucr in Chapter 5. B01h invcstig<•tinns were 
perfonncd using interference of two coherent optical w;~ves and on the tmsi~ nf the electrome-
chanical measurement mcth()(.) of piezoelectric vibration. The results nhtained from thi~ stu<Jy 
are summarized here. 
In Chapter 2, methods for measurement of piezoelectric vibration u~ing optic;rl fiher were 
described from an optical point of view. Two new methods for measurement of piezoelectric 
vibration using !he fiber-optic ring interferometer were dcscrihcd. 
In one method, the sample is in contact wilh a fiber in which !he light is phasc-mndul;rtcd by 
the piezoelectric vibration. The fiber is wrapped many turns around a eylin<.lrical piez11electric 
transducer. The low frequency limit of S1 ! E1 measured with this metho<.l was nc;~rly in <~grec­
ment with !he material cons! ant d 11 . 
In the other method, the light is incident on the Silmple surface and phusc-modulutcd by re-
flection when the sample vibrates. The formulation of this metho<.l was describe<.!. 
In Chapter 3, piezoelectric vibration and mmcrial were evaluated using the electromechani-
cal method and the fiber-optic method. A disk piezoelectric transducer was usc() a~ the !>ample. 
Local measurement of the acoustic amplilude and phase was performed optically. 
Optical measurement of the acoustic amplitude gave the values corresponding to the piezo-
electric conslants d and g locally, taking into account the theory of vibration, the electrical condi-
tion of !he piezoelectric vibration, and the results of the electromechanical measurement. 
It was found that the electric equivalent circuit was not effective for study of the transUucer 
from a local point of view, because the vibration ncar the houndary was more difficult to follow 
!he external force at higher frequency. 
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Optical measurement of the acoustic phase gave the acoustic velocity of the radial-extension-
al mode and the value of Pois.~on's ratio, utilizing local ch~racteristio:s of the sample. 
In Chapter 4, the measurement methods described in Chapter 3 were applied to circular 
piezoelectric transducers the forms of which were not thin disk. 
For the thick rod sample, d' and g", the optically measured values corresponding to the mate-
rial constants d and g, respectively, were much smaller than the actual values of the material 
constants. On the other hand, for the long rod sample, they were nearly in agreement with the 
material constants. However, the electrical condition of the piezocleenic vibration was not 
satisfied, especially at the edge of the sample. 
The theory of resonance coupling was applied to the problem of measuring d" and g'. It was 
found that the thin disk and long rod samples were appropriate for the measurement of the mate-
ri:~l constants; that is, d' • d and g' .. g, when the lowest resonance was used for the measure-
The acoustic velocity of the rodial-e;o;tensional mode was also measured optically; however, 
Poisson's ratio could not be measured in this case. 
In Chapter 5, the influence of the photorefractive (PR) effect on the piezoelectric vibration 
was investigated expcrfmentully using the electromechanical methnd. 
The PR grating written in the piezoelectric UNb01:Fe transducer decreuscd the Q-value, and 
therefore, also depressed the linear vibration. It often caused nonlinear beha\·ior such as nonlin-
ear jump and hysteresis, accompanied by the decrease of the Q-value. The energy transfer from 
the linear to thcnonlinearvibralionoccurrcd. 
Even after therm~l annealing the PR groting seemed to partiall)' remain, and it often caused 
nonlinear behavior. The generation of the present nonlinear behavior bad rclmion 10 the forms of 
the s.1mple, the forms of the electrodes, and the vibrational mode. 
The present nonlinear beha\·ior oflen occurred in the 21- and the 24-modes, hut was not 
C\"ident in the 22-mode. 
Too l;•rge Q-value depressed the preSt:nt nonlinear b<:havior. It is postulated that the usual 
nonlinear effect is probably enhanced when the Q-value increases b<:cauSt: the higher orders of 
strain become more effective. Acconlingly, it was concluded that the nonlinear phenomena ob-
served here for the sample with PR grating were unusu~l and due to a completely different 
mechanism. They also did not appc~r clearly in the sample with too small Q-value due to the 
irregularity of the form. 
The value of SJX>CC-pcriodic intern;•] field f. st.. clearly influenced the piezoelectric characteris-
tio:sand the dielectric loss. 
In addition, the experimental results deserihed ahovc were explained by a new concept, 
space-periodic modulation or the piezoelectric pol~riz,tion due to the PR internal electric field: 
The generation of nonlinear vihration requires both the existence or nonlincur springs and their 
antiphase vibration. This aotiphase vibration can occur through the space-periodic modulation 
of pie:roc:lecuic polarization due to the PR internal field. The nonlinear springs originate rrum 
the enhancement of the nonlinearity intrinsic to LiNhOJ:Fc through antiph~se vibration und 
Coulomb's force in the vibrating PR space-charge in the antiphase slate. 
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